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We extend the notion of connection in order to study singular geometric 
structures, namely, we consider a notion of connection on a Lie algebroid 
which is a natural extension of the usual concept of a covariant connection. It 
allows us to define holonomy of the orbit foliation of a Lie algebroid and prove 
a Stability Theorem. We also introduce secondary or exotic characteristic 
classes, thus providing invariants which generalize the modular class of a Lie 
algebroid. 
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0. INTRODUCTION AND BASIC DEFINITIONS 

The theory of connections is a classical topic in differential geometry. 
They provide an extremely important tool to study geometric structures 
on manifolds and, as such, they have been applied with great success in 
many different settings. 

However, the use of connections has been very limited whenever singular 
behavior is present. The reason is that if some geometric structure admits 
a compatible connection then parallel transport will preserve any algebraic 
invariant of the structure, and that prevents the presence of singular behav- 
ior. For example, a Poisson manifold admitting a connection compatible 
with the Poisson tensor must have constant rank and hence is a regular 
Poisson manifold (see p^). In this work we explain how one can extend 
the notion of connection in order to include geometric structures that may 
exhibit singular behavior. 

One of the basic ideas underlying our construction of connections is that 
one should replace the tangent bundle of the manifold M by a new bundle 
which reflects more faithfully the (possible singular) geometric structure 

* Supported in part by FCT through program POCTI and grant 
POCTI/1999/MAT/33081. 
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on M. In this paper we take the point of view that every such geometric 
structure has an underlying Lie algebroid structure, which plays the role 
of the tangent bundle. Many common geometric structures, some of which 
we recall below, admit such a description. We believe that Lie algebroids 
provide the appropriate setting to develop a complete geometric theory 
of connections as well as other key concepts of differential geometry for 
singular geometric structures. 

To every Lie algebroid there is associated a foliation of M, which in gen- 
eral will be singular. Conversely, it is not known if every singular foliation 
is associated with a Lie algebroid. There is some evidence that this is ac- 
tually the case, and in many ways this work is inspired by the theory of 
regular foliations. Several new results to be presented here are extensions 
to singular foliations associated with Lie algebroids of well-known results 
in foliation theory. 

Since the notion of a Lie algebroid is still not part of mainstream differ- 
ential geometry, we start by recalling its definition (for an introduction to 
the theory see the recent monograph and also the survey article Q): 

Definition 0.1. A Lie algebroid A over a smooth manifold M is a 
vector bundle n : A ^ M together with a Lie algebra structure [ , ] on the 
space of sections T{A) and a bundle map # : — > TM, called the anchor, 
such that: 

i) the induced map # : r{A) X^{AI) is a Lie algebra homomor- 
phism([|); 

(ii) for any sections a,/? e ^{A) and smooth function / G C°°{M) we 
have the Leibniz identity: 

[a, =/[«,/?] (1) 



The image of # defines a smooth generalized distribution in A/, in the 
sense of Sussman which is integrable (this follows, for example, from 
the Local Splitting Theorem to be presented below). The integrable leaves 
are called orbits of A and they form the orbit foliation of the Lie algebroid. 
We call A a regular Lie algebroid if the rank of # is locally constant, so 
the orbit foliation is not singular. We call A a transitive Lie algebroid if # 
is surjective, so the leaves are the connected components of M. 

The definition of a morphism of Lie algebroids, not necessarily over the 
same base manifold, is rather subtle and there are actually two distinct 

^We denote by Q^{M) and X''{M), respectively, the spaces of differential r-forms and 
r-multivector fields on a manifold M.If E is a bundle over M, r{E) will denote the space 
of global sections. 
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notions (see e.g. [|4|). We will be dealing mostly with isomorphisms, and 
for these the two definitions coincide. To introduce the definition we will 
be using, first observe that any bundle map cj) : A2 ^ Al induces a map 
$ : T{Ai) -4 r(^2) which assigns to each section a e ^{Ai) the section 
<i>(a) e r(A2) given by 

$(a)(y) =0*a(0o(y)), VyeM2, 

where we have denoted by 0o • M2 — > Mi the map induced by on the 
base manifolds and by 0* : {Ai)^g(^y^ — > (^2)^ the fiberwise transpose of (f>. 

Definition 0.2. Let Ai Mi and A2 M2 be Lie algebroids. A 
MORPHISM OF Lie algebroids from Ai to A2 is a bundle map <p : A2 ^ Al 
such that: 

(i) the induced map $ : r(j4i) r(^2) preserves brackets 

[$(«), <i>(/3)]2 = a,(3er{Ai); (2) 

(ii) the vector fields and #20^ are 0o-related: 

#20 = (<^o)*#i$(«), a, /3 e r{Ai). (3) 
We shall denote such a Lie algebroid homomorphism by <i> : Ai ^ A2. 



To study global properties of Lie algebroids one needs to consider con- 
nections that are adapted to the orbit foliation. In this paper, following 
the approach in ||l^ for the special case of Poisson manifolds, we introduce 
Lie algebroid connections based on the notion of horizontal lift. The basic 
observation in which also applies in the present setting, is that one 
should lift the appropriate geometric objects rather than tangent vectors 
as one does in the ordinary theory of connections. 

Definition 0.3. Let tt : A — > A/ be a Lie algebroid with anchor 
# : A ^ TM and Lie bracket [ , ]. An A-CONNECTION on a fiber bundle 
p : E ^ M over M is a bundle map h : p*A — > TE, where p*A ^ E is the 
puUback bundle of A by p, such that the following diagram commutes: 



p*A- 



A- 



■TE 



■TM 
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If (u, a) £ p*A, where u d E and a G with x ~ p{u), we call h{u, a) 
the horizontal lift of a to the point u in the fiber over x. 

Depending on the bundle structure, we may require some additional 
conditions on the lift h: 

(i) If iJ = P{M, G) is a principal bundle with structure group G, then 
we require h to be G-invariant: 

h{u- g,a) ^ {Rg)^h{u,a), ^9 e G; 

(ii) If is a vector bundle, then we require h{u, •) to be linear: 

a + P) — h{u, a) + h(u, 13); 

We now recall some basic classes of Lie algebroids: 

Tangent Lie algehroid. Let M be a manifold. The tangent bundle TM 
becomes a transitive Lie algebroid when we take as bracket the usual Lie 
bracket on vector fields and as anchor map the identity map. This example 
is important for us so we can compare new concepts we shall introduced 
for Lie algebroids with the standard ones in ordinary differential geometry. 

If £■ — > M is a fiber bundle, a TM-connection on E is just a connection in 
the usual sense. The bundle map h is the horizontal lift in the usual theory 
of connections and H„ = {/i(u,a) : a G Til/} is the horizontal distribution 
(as in |20|). In this way, we may say that the theory of A-connections is 
a generalization of the usual theory of connections. Henceforth, we shall 
refer to TM-connections as covariant connections. 

Regular foliations. Let A C TM be an integrable subbundlc defining a 
regular foliation T of M . A section of A is a vector field in M which is 
tangent to J-. If X and Y are vector fields tangent to their Lie bracket 
[X, Y] is also a vector field tangent to T. In this way we have a Lie bracket 
defined on T{A) and if wc let 7^ : A ^ TM be the inclusion, we obtain 
a Lie algebroid. For this Lie algebroid the anchor # is injective and the 
orbit foliation is J^. Conversely, every Lie algebroid with anchor map # 
injective has a regular foliation and is canonically isomorphic with the 
Lie algebroid of T. 

If A is the Lie algebroid of a regular foliation T, an A-connection on a 
fiber bundle ^ M is sometimes called a partial connection along the 
leaves of T (see, e.g., jl^). This is because the horizontal lift is only 
defined for tangent vectors that are tangent to leaves. Partial connections 
were used by Kubarski in p3 to study regular Lie algebroids. 
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Later we shall see that one can use ^-connections to define the A- 
holonomy of the orbit foliation of an arbitrary Lie algebroid A. In case 

# is injective this holonomy coincides with the usual holonomy of the the- 
ory of regular foliations. 

Poisson manifolds. Let M be a Poisson manifold with Poisson tensor 
n G X'^{M). Then H determines a bundle map # : r*M ^ TM as well 
as a Lie bracket on the space of differential 1-forms il^{M), which may be 
defined by 

[a, 13] = £#q/3 - C^pa - n(a, /3). 

It is well known that {T*M, [ , ], #) is a Lie algebroid. Some of the results 
to be presented in this paper generalize corresponding results for Poisson 
manifolds presented in ||l^. A r*A/-connection on a fiber bundle E ^ M 
is just a contravariant connection on E in the terminology of ||l^. This 
example can be extended in two distinct directions, namely to Dirac man- 
ifolds (0) and to Jacobi manifolds ([l9[|). 

Transformation Lie algebroids. Let p : g ^ X^{M) be an infinitesimal 
(right) action of a Lie algebra on the manifold M. The associated trans- 
formation Lie algebroid is the trivial bundle M x g M with anchor map 

# : A// X g -> TM defined by 

and with Lie bracket 

[v,w]{x) = [v{x),w{x)] + {p{v{x)) ■ w)\x - {p{w{x)) ■ v%, 

where we identify a section v oi M x g ^ M with a g-valued function 
u : M — > 0. If yo can be integrated to a Lie group action, the orbit foliation 
of M coincides with the orbits of the action. Therefore, connections on 
transformations Lie algebroids allows one to study the singular foliations 
associated with Lie group actions. For example, the holonomy (see below) 
of an orbit is useful in the study of orbit types. 

Bundles of Lie algebras. Let A be a Lie algebroid with # = 0. For each 
a; e M one can define a Lie algebra structure in A^ as follows: if a, /3 G A^ 
are in the fiber over x choose sections a and f3 such that a{x) — a and 
P{x) = p. Then [a, (3] = [a,(3]{x). Using the Leibniz identity one checks 
that this definition does not depend on the choice of sections. Thus we 
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see that such a Lie algebroid is a vector bundle with varying Lie algebra 
structure on the fibers. Conversely, any bundle of Lie algebras determines 
a Lie algebroid with trivial anchor. 

A special case is when M — {*}, so a Lie algebra can be consider as a 
Lie algebroid over a point. It is easy to see that a linear flat connection is 
just a representation of a Lie algebra. 

Connections are specially useful to compare geometric structures at dif- 
ferent points of M. For non-regular Lie algebroids the orbit foliation is 
singular and the dimension of the leaves varies, so one can only hope to 
compare spaces at different points of the same orbit. For that one needs the 
following fundamental notion of path which was discovered independently 
by several authors (e.g., in |Q they are called admissible paths, and in 
they are called cotangent paths in the case A — T*M). 

Definition 0.4. An A-path is a piecewise smooth path a : [0, 1] — > A, 
such that: 

#a{t) = j^7:{a{t)), te[OA]. (4) 

The curve 7 : [0, 1] — > M given by j{t) = 7r(a(i)) will be called the base 
path of a. 

Notice that the base path of an A-path lies on a fixed leaf of the Lie al- 
gebroid. We shall show that given an A-conncction one can define parallel 
transport along any A-path. Once the notion of parallelism is available, one 
can then proceed to develop a theory of connections where standard con- 
cepts such as curvature, holonomy, geodesic, etc, make sense. In particular 
we show that a linear A-connection on a vector bundle p : E ^ M gives, 
in a way entirely analogous to the ordinary case, an A-derivative operator 
V : T{A) X r{E) r{E) which satisfies: 

(i) Va+134' = Vol/) -I- 

(ii) V«(0 + V) = V„0 + v„V; 

(iii) V/„ = /V„(/); 

(iv) V„(/0) = /V„0 + #a(/)0; 

where a,/? G ^{A), (p, ^ are sections of E, and / e C°°{M). Conversely, 
every such operator is induced by a linear A-connection. Connections from 
this operational point of view were first introduced in the case of Poisson 
manifolds by Vaisman (|2^). Flat linear A-connections on a vector bundle 
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E is an important special case which has also been studied by several 
authors usually under the name of representations of Lie algebroids ( j|, |l^, 

Bill)- 

In spite of its formal similarities with ordinary connections, there are 
many striking differences in Lie algebroid connection theory: parallel trans- 
port does not depend only on the base path, the holonomy of a flat A- 
connection may be non-discrete, etc. 

However, just like in ordinary geometry, yl-connections are useful to 
study global properties of Lie algebroids. Using Lie algebroid connections 
we show that we have a notion of holonomy of the associated foliation to 
a Lie algebroid. For the case of a regular foliation it coincides with the 
usual notion of holonomy. We show below that the transversal geometry 
to a leaf of a Lie algebroid is described by a germ of an algebroid, so we 
have a notion of transverse Lie algebroid structure. The holonomy map is 
by automorphisms of this transversal algebroid germ. 

In general, holonomy is not homotopy invariant, but factoring out the in- 
ner Lie algebroid automorphisms one obtains a notion of reduced holonomy 
which is invariant by homotopy, and we can prove the following analogue 
of the Reeb Stability Theorem: 

Theorem 0.1. Let L be a compact, transversally stable leaf, with finite 
reduced holonomy. Then L is stable, i.e., L has arbitrarily small neigh- 
borhoods which are invariant under all inner automorphisms. Moreover, 
each leaf near L is a bundle over L with fiber a finite union of leaves of the 
transverse Lie algebroid structure. 

Linear holonomy of a Lie algebroid is obtained simply by linearizing the 
holonomy homomorphism. In the case of Poisson manifolds, it was studied 
by Ginzburg and Golubev in It can also be discussed more efficiently 
from the point of view of linear Lie algebroid connections and, for each leaf, 
there is a notion of Bott A-connection. 

As it was shown in , for a non-regular Lie algebroid there is a natural 
vector bundle playing the role of the normal bundle (over the whole of M) to 
the singular foliation, and which allows us to introduce the notion of a basic 
connection: these are linear A-connections which preserve the Lie algebroid 
structure and restrict in each leaf to the Bott A-connection. Comparing 
a basic connection to a riemannian connection, as in the regular theory 
of foliations, one is lead to exotic or secondary Lie algebroid characteristic 
classes. These are A-cohomology classes which give information on both the 
geometry of the Lie algebroid and the topology of the associated foliation 
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of M. In degree 1, this class actually coincides with the modular class of 
the Lie algebroid, introduced by Weinstein in |^ . 

The remainder of the paper is organized as follows. In Section 1, we we 
describe some elementary properties of Lie algebroids and their differential 
geometry, including local splitting and transverse structure which we could 
not find in the literature. In Section 2, we sketch the theory of Lie algebroid 
connections. In Section 3, we introduce holonomy of a leaf of a Lie algebroid 
foliation and we prove the Stability Theorem. In the fourth and final 
section, we introduce characteristic classes for Lie algebroids and construct 
the invariants we have mentioned above. We also give explicit computations 
of these invariants for some classes of Lie algebroids. 

Finally, we remark that several authors have considered connections 
on Lie algebroids in order to study its global properties (see for exam- 
ple H, |2[ 111). Until the work of Evans, Lu and Weinstein [||, aU these 
authors considered regular, or even transitive. Lie algebroids. In con- 
nections on non-regular Lie algebroids are used for the first time. There, 
the authors consider zero curvature A-connections on vector bundles, which 
they call representations of Lie algebroids, to construct the modular class. 
These results were extended by Xu to so called BV-algebras, and Hueb- 
schmann in ^ developed a complete algebraic theory. 



Remark. In the final stages of preparation of this work, I learn of a 
preprint by Marius Crainic where an approach to secondary character- 
istic classes for representations of Lie algebroids is proposed (see also the 
remark at the end of section 4.3). The discussions I have had with him af- 
ter the present paper was submitted, were extremely influential in shaping 
my view of the subject. The relationship between the two approaches is 
explained in j^. Our discussions eventually led to a solution to the prob- 
lem of integrating Lie algebroids to Lie groupoids (see 0), where we make 
use of some of the results presented here. In the preprint , Ginzburg 
proposes a X-theory for Poisson manifolds and Lie algebroids which is also 
related to the present work. 



1. THE LOCAL STRUCTURE OF LIE ALGEBROIDS 
1.1. The Dual Lie- Poisson Bracket 

From now on we fix a Lie algebroid tt : A — > Af over M with anchor map 
# and Lie bracket [ , ] . We let m denote the dimension of M and we let r 
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denote the rank of A. We start by recalling the construction of a canonical 
Poisson bracket on the dual bundle A* (see sect. 16.5). 

If one fixes local coordinates {x^, . . . ,x™) over a trivializing neighbor- 
hood U of M where A admits a basis of local sections {a^ , . . . , a''} over 
U, we have structure functions b^'',c^ G C°°{U) defined by 

*^'=T.b''g-l, = (5) 

i—1 

r 

K,aVE<*""' {s,t^l,...,r). (6) 

u=l 

The defining relations for a Lie algebroid translate into certain p.d.e's in- 
volving the structure functions. 

One defines a Poisson structure on A* as follows. Let de- 
note the linear coordinates on the fibers of A* associated with the basis of 
sections {a^, . . . , a''}. The Poisson bracket { , }^ on C°°(A*) is defined 
by: 

{x\e}^-b'\ (7) 

u 

One checks that this bracket is independent of the choice of local coordi- 
nates and basis. Because this bracket is linear on the fibers, one also calls 
it the dual Poisson-Lie bracket of A. 

Let a be a section of A. Then a defines in a natural way a function 
/q : ^* — > M which is linear in the fibers. One has the following properties 
of the dual Poisson-Lie bracket. 

Proposition 1.1. The assignment fa defines a Lie algebra homo- 
morphism {T{A),[ , ]) — ^ {C°°{A*),{ , }^). Moreover, ifXf^ denotes the 
hamiltonian vector field associated with fa, then Xf^ is ir-related to #Qf.' 

where t: : A* —> AI is the natural projection. 
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Proof. We use local coordinates, li a — J2s^si^)'^^ then fa{x,S,) = 
J2s o-six)^'' and the associated hamiltonian vector field is 

s,i t,u \ s i / ^ 

This expression shows that Xf^ projects to #a, 

On the other hand, if /3 = J^t bt{x)a*, one computes: 

= E - E + E '^shc^'c = /[a,/3], 



so the result follows. | 

The dual Lie-Poisson structure of a Lie algebroid codifies all the informa- 
tion regarding the Lie algebroid structure. In fact, the category of vector 
bundles with Poisson brackets linear on the fibers is equivalent to the cat- 
egory of Lie algebroids. For example, a morphism ^ : Ai ^ A2 oi Lie 
algebroids, as defined above, is just a bundle map (j) : A2 which is a 

Poisson map. 

Let a G r(A) be a section, so we have the associated hamiltonian vector 
field Xf^ in A*. For each t, the flow (j)f defines a Poisson automorphism 
of A* (wherever defined). From (||) we see that Xf^ is linear along the 
fibers, so in fact (pf : A* ^ A* is a bundle map. It follows that each 
section determines a 1-parameter family of (local) Lie algebroid morphisms 
: A A. If ^ = g is a Lie algebra, considered as a Lie algebroid over 
a point, : A ^ A (resp., : A* ^ A*) is just Ad{exp{ta)) (resp., 
^c?* (exp(ta)), so this construction generalizes the usual adjoint action, and 
will be refer to as integration of sections. We remark that we can also 
integrate time-dependent sections at. 

Let us denote by Aut (A) the group of automorphisms of the Lie algebroid 
A, and by Aut°(^) its connected component of the identity: given <I> e 
Aut°(^) there exists a smooth family $( e Aut (A), t G [0, 1], such that 
$0 =id, $1 = An element $ G Aut'^(^) is called a inner automorphism 
if there exists some smooth family of sections at G r(j4) which can be 
integrated to a 1-parameter family of Lie algebroid automorphisms 
with $5*' = 
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Proposition 1.2. The set Inn (A) C Aut (A) of inner Lie algebroid 
automorphisms is a normal subgroup. 

We define the group of outer Lie algebroid automorphisms to be the 
quotient Out (A) = Aut (A) /Inn (A). 

1.2. Local Splitting 

By choosing appropriate coordinates and sections one can simplify the 
expressions of the structure functions, and we obtain the following analogue 
of the Weinstein Splitting Theorem for Poisson manifolds Thm. 2.1). 

Theorem 1.1 (Local Splitting). Let xq G M be a point where 4fxo has 
rank q. There exist coordinates (a;*, y^), {i = 1, . . . , q, j = q + 1, . . . , m), 
valid in a neighborhood U o/xq, and a basis of sections |a^, . . . ,a^}, of A 
over U , such that: 

#a' = ^, (^ = l,...,g), (9) 
#a^=^6^^A, (s = g + l,...,r), (10) 

where 6*-' e C°°(U) are smooth functions depending only on the y's and 
vanishing at Xq: 6"-' ~ b'^^{y^), b'^^ {Q) = 0. Moreover, 

(11) 

u 

where c^ G C°°{U) vanish if u < q and satisfy 

f)„st 

E 5^^"^ = 0- (12) 

u>g 



Proof. If the rank of # at is g = we are done, so we can assume 
q > 1. If q > 1 we proceed, by induction, straightening out vector fields of 
the form ^a. So let < fc < (7 and assume we have constructed coordinates 

(x*, y-'), where i < k, k < j < m, 

valid on a domain U, and a basis of sections for A over ?7, 

{a*, a*} , where i < k, k < s < r, 
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such that 

#a^ = ^, {i<k), 

where 6"-^ € C°°{U) depend only on the y's. Since q > k, there exists an 
s such that the vector field #5* does not vanish at xq. By relabeling, we 

can assume that s = k + 1 and we set a*^"*"^ = a'^^^. 

By straightening out #a'°+^, we can perform a change of coordinates 

=y\t^\...,yn, j = k + 2,...,m, 



such that 



d 



Qj.k+1 



8 

4La^ = h^'k+i — 1 

Replacing a* by a* — 6*'''+^a'^+^, we see that we can assume fe^-'^+i = 0. 
Therefore, 

where = ¥^ ix''+^ , y''+^ , ■■■ , y""). 

Using #[q;'=+\ a**] = [#q!'=+\ #a*] for s > A; + 1, we see that 



t>k+l 



where the structure functions are related by 



u>k+2 

Wc can think of this equation as a timc-dcpcndcnt linear o.d.c. for 6'''' in 
the variable x'^'^^ . Let us denote by X(x'^'^^) the fundamental matrix of 
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solutions such that X{0) = I, and by its inverse. We consider new 

sections 



t>k+2 



Then we find 



j t>k+2 ^ 

We conclude that there exist coordinates {x^,y^) and sections {a'*}, as in 
the statement of the theorem, such that (^) and ( [l0| ) hold, for some smooth 
functions fc^-' £ C°°{U) depending only on the y's. Since at xo the bundle 
map # has rank q, we must have (0) = 0. 

Comparing coefficients of in #[a'',Q!*] ~ we check easily 

that the structure functions c^* € C°°(U) must vanish for u < q. Using the 
Jacobi identity, we find for i < q and q < s,t < r, 

#[a\ [a^ a*]] = + [#«',#«*]] - 0. 

On the other hand, 

u>q 

SO (|l|) follows. I 

In general, the structure functions that appear in relations (|l^) will de- 
pend both on the x's and y's variables, subject to (p^). For special classes 
of Lie algebroids one might have extra information that leads to further 
simplification of the structure functions. For example, in the case of a 
Poisson manifold, one always has the relationship: 



Then, all structure functions in (|llj) depend only on the j/'s variables, and 
one obtains the Weinstein Splitting Theorem. 
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Note that Theorem 1.1 is not the Weinstein Sphtting Theorem for the 
Lie-Poisson structure on A*. The reason is that we are only allowed to 
make changes of coordinate of the base manifold M and of sections of A. 
These lead to changes of coordinates of A* which are linear in the fiber 
variables: 



t 



These changes of coordinate are usually not sufficient to obtain the Wein- 
stein splitting for A*. 

As we mentioned above, a simple consequence of the Local Splitting 
Theorem is that the generalized distribution Ini^ is integrable. 

1.3. Transverse Structure 

The local splitting of a Lie algebroid can be used to define a transverse 
Lie algebroid structure, similar to the case of a Poisson manifold. We 
first give a more invariant description, and later come back to the local 
coordinate approach. 

First we observe that every (embedded) submanifold N C M which is 
transverse to the orbit foliation 



TN + Im(#) = TM, 



has a natural induced Lie algebroid structure An ^ N. We take for An 
the vector bundle over N with fibers 



{An), = {q e a, : #a e T,N} . 



Because of the transversality assumption, this is indeed a subbundle of A. 
The anchor map # : An — *■ TN is obtained simply by restriction of ^. 
Also, every section a in r(Ajv) extends to a section a of ^ defined in an 
open set containing N, and given two sections a, /? G T{An), we set 

[a,/3]Ar,{x) = [a,P]{x). 

One checks that (i) this bracket does not depend on the extensions consid- 
ered, and (ii) that it defines a section of An- It follows that {An, #, [ , ]an) 
is a Lie algebroid over N. 

The notion of transverse Lie algebroid structure is based on the following 



result, also inspired in Poisson geometry (cf. |33 , Section 2 
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Theorem 1.2 (Transverse Structure). Let L be a leaf of the orbit fo- 
liation of A, and suppose Nq and Ni are submanifolds of M of comple- 
mentary dimension to L and intersecting L transversally on a single point. 
Then there exists an automorphism of A which maps a neighborhood Vq of 
NqHL in Nq onto a neighborhood Vi of NiHL in Ni, and which induces an 
isomorphism of the induced Lie algebroid structures on the neighborhoods. 

Proof. If xq = LHNq and xi = LClNi, there exists a piece- wise smooth 
path made of orbits of vector fields of the form =f^a, with a a section of A. 
Integrating sections we can map xq to xi, so we may assume that these 
points of intersection are actually the same. 

Around xq = xi we choose coordinates {x^,y^) and sections {a**} as in 
the Local Splitting Theorem. We interpolate between Nq and A^i by a 
family of manifolds Nt defined by equations of the form 



Then we look for a time-dependent section at which, by integration, gives 
a Lie algebroid automorphism $4 : yl — > A, covering a diffcomorphism 
(pt : M ^ M, which maps a neighborhood of xq = xi in A^o onto a 
neighborhood of Nf. 

Let us write at — J2s as{x^ ,y-' ,t)a^ . In order for the (f)t to track the Nt 
we must have the equations 



satisfied along Nf. It is clear than one can choose ag such that this equations 
holds. Integration of at gives a Lie algebroid automorphism 



which induces a Lie algebroid isomorphism between ^jvo and An^. | 

The transversal geometry to a Lie algebroid, around a point, is described 
by a transversal algebroid germ, that is to say a germ of a Lie algebroid for 
which the anchor vanishes at the base point. For all cross sections N to L 
the induced Lie algebroid structures An are locally isomorphic, but there 
is no natural choice for this transverse structure. In other words,, we have 
a well defined notion of transverse Lie algebroid structure along a leaf L. 



x' = X\y\...,y^-\t), 



(i = l,.... 
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In the local splitting coordinates (x*, y^) and sections {a'^} given by The- 
the transverse Lie algebroid structure N, has coordinates 



1.1 



(y^) in the base, sections {a^(y) = a''{Q,y^) : q < s < r}, anchor map 

d 
W 



#a^ = ^6^^(y)A, (,>,) 



and Lie algebra structure 



[a^a*] = ^4*(0,y)a^ 

u>q 



Now the Local Splitting Theorem can be stated as follows: Let Xq be 
any point in a Lie algebroid A, and denote by L the leaf through xq and 
by iV a cross-section to L a,t xq. Then, locally, A is an extension of by 
TL, i.e., we have Lie algebroids morphisms 

An ^ A^TL 

such that the corresponding bundle maps form a short exact sequence: 
^ T*L A* ^ A% ^ 0. 



1.4. Linear Approximation to a Lie Algebroid 

By a linear Lie algebroid we shall mean a Lie algebroid tt : A — > M 
satisfying the following properties: 

(i) The base M = V" is a vector space so tt : A ^ Af is a trivial bundle; 

(ii) For any trivialization, the bracket of any constant sections a and (3 
is a constant section [a, /?]; 

(iii) For any trivialization, the vector field #a is linear whenever a is a 
constant section; 

Conditions (i) and (ii) mean that A is a transformation Lie algebroid: 
A = Q X V and # : g ^ X^{V) is an action of the Lie algebra g on V. 
Condition (iii) means that this action is linear. So a linear Lie algebroid is 
just a representation of a Lie algebra. 

Now let A be any Lie algebroid and fix xq G M. The normal space N^o = 
Tx„M /Im^xo carries a natural linear action of the Lie algebra g — Ker^xo-i 
and the associated transformation Lie algebroid is called the linearization 
of A at Xq. This linearization can be seen in two different ways: 
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(a) We take g — Ker^^o with the Lie algebra structure induced from 
A, and we define a linear action of g on N^g by 

where a is such that a^o = z and S^qX is the linearization of the vector field 
X at xq. Since the flow of #a preserves the orbit foliation this actually 
defines a linear endomorphism of Nx„ = T^gM/lm^xa- If ct' is another 
section with a^^^ = 2, one checks that 5xq{4I^ol) and 6x„{^a') induce the 
same endomorphism of N^^ ■ The associated transformation Lie algebroid 
X Nxf, is the linearization of A. 

(b) Again we take the trivial vector bundle g x Nx„ N^a and we define 
the anchor # : g x Nxg TNxg to be the intrinsic derivative at xq of the 
bundle map ^ : A ^ TM . Then we define the bracket on constant sections 
to be the pointwise bracket, and we extend to any section by requiring the 
Leibniz identity to hold. 

If wc pick splitting coordinates (a;% y^) and basis of sections {q*} around 
Xo, then {e'' = a'^ixo) : s > q\ give a basis for g = Kcr^j;,-,, with structure 
constants c^*(xo). The tangent vectors Vj — induce a basis for N^g, 

y Xq 

determining linear coordinates (w^) and relative to these coordinates the 
anchor map is given by: 

where we view the {e'*} as constant sections of g x N^g- 

One should notice that the transverse Lie algebroid structure is an equiv- 
alence class of isomorphic structures, for which there is no natural choice of 
representative, while the linearization at xq lives on a well-defined bundle 
over the normal space N^g ■ The problem of linearizing a Lie algebroid is 
discussed in [|o|. 

1.5. Lie Algebroid Cohomology 

The existence of a Lie bracket on the space of sections of a Lie algebroid 
leads to a calculus on its sections analogous to the usual Cartan calculus 
on differential forms. In this paragraph we give only the relevant formulas 
for Lie algebroid cohomology we shall need later, and refer the reader to 
the monograph p5[ for further details. 
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One defines the exterior differential cIa : r(AM*) — > T{A*+'^A*) by: 

^ r+l 

dAQ{ao, . . . , ar) = —7 y](~l)''#"fc(<3('^0, • • • , Sft, • • • , ^r) 

+ 7^ ^(-l)^+'+'<3(N, ao, • . • , Sfc, . . . , a,, . . . , ar). (13) 

where ao, . . . ,ar are sections of A. This differential satisfies: 

4(0) =0, (14) 
dAiQi A Q2) = cIaQi a O2 + (-l)^"s^^gi A dAQ2. (15) 

The cohomology associated with cIa is called the Lie algebroid cohomology 
of A (with trivial coefficients) and is denoted by H*{A). 

Define a homomorphism of exterior algebras #* : f2*(M) — > r(A*A*) by 
setting: 

#*a;(ai, . . . , a^) = (-l)'"a;(#ai, . . . , #ar). 

We compute 

dAi^*oj = #*doj. (16) 
so there is a ring homomorphism 

r ■■H'^eRi..miM)'-H'iA). 

For the examples we have mentioned above these cohomology groups are 
well known. Special cases to be used later are: 

(i) A = TM, where H*{A) = H^^ Rham(^) is the de Rham cohomology; 

(ii) A = T*M with (M, 11) a Poisson manifold, where one obtains the 
Poisson cohomology of M denoted H^{M); 

(iii) A = C TM an intcgrablc subbundlc associated with a regular 
foliation J^, where one gets the tangential cohomology denoted H^{M); 

(iv) A = gxV the Lie algebroid associated with a Lie algebra represen- 
tation p : g ^ Aut {V), where one gets the Chevalley-Eilenberg cohomology 

H'{Q,py, 

The Lie algebroid cohomology, in general, will not be homotopy invariant 
and hence it may be hard to compute (to say the least). This is intimately 
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related with the singular behaviour of the orbit foliation, one of the main 
topics to be discussed here. 

Finally, we note, for later reference, that if : M ^ TV is a smooth map 
its A- differential is the bundle map : A TN defined by: 

c^a0(Q!cc) = da:(t> ■ #a^, e A^. (17) 

If = R this notation is consistent with the A-differential introduced 
above, if we think of sections in T{A°A*) as functions on M. 



2. LIE ALGEBROID CONNECTIONS 
2.1. Connections on Principal Bundles 

Let P{M, G) be a smooth principal bundle over the manifold M with 
structure group G. We let p : P ^ M be the projection, and for each u G P 
we denote by G„ C T„(P) the subspace consisting of vectors tangent to 
the fiber through u. If wc let (t : g ^ X^{P) be the infinitesimal G-action 
on P, we have G„ = {a{B)u\ B € fl}. 

Now let p*A denote the pullback bundle of A by p. There is a bundle 
map p:p*A^ A which makes the following diagram commutative 




where on the vertical arrows we have the canonical projections. Recalling 
that p*A = {{u, a) & P X A: p{u) = ■n{a)}, wc see that we have a natural 
right G-action on p* A defined by {u,a) ■ a = {ua,a), if a e G. Our basic 
definition is then the following: 

Definition 2.1. An ^-connection in the principal bundle P{M, G) 
is a smooth bundle map h : p*A — > TP, such that: 

(CI) h is horizontal, i.e., the following diagram commutes: 
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(CII) h is G-invariant, i.e., we have 

h{ua,a) — {Ra)*h{u,a), for all a ^ G] 



The subspace of T„P formed by all horizontal lifts a) G TuP, where 
(u,a) e p* A, is denoted by Ti^. The assignment u i— > Ti^ is a smooth 
distribution on P called the horizontal distribution of the connection (^). 
Note that, unlike the ordinary case, the rank of the horizontal distribution 
will vary, and that this distribution does not define the connection uniquely. 

It follows from (CI) in the definition of an A-connection, that the horizon- 
tal spaces TLu project onto the tangent space T^L to the orbit leaf L through 
X = p{u). In general, we have neither T„P — Gu + 'Hu nor Gu H 7i„ = {0}. 
As usual, a vector X e T„P will be called vertical (resp. horizontal), if it 
lies in Gu (resp. 7i„). Since, in general, a tangent vector to P does not split 
into a sum of an horizontal and a vertical component, the usual definitions 
of lift of curves, connection form, etc., do not make sense in this context. 
We will show below how to define these notions appropriately. 

Recall that the Atiyah sequence of the principal bundle P{M, G) is the 
short exact sequence of vector bundles 

^ Ad (P) TP/G TM ^ , 

where Ad{P) = is the associated bundle to P obtained from the 

adjoint representation of G on g (in fact, this is a short exact sequence of Lie 
algebroids for the obvious Lie algebroid structures). Now, if h : p*A TP 
is a connection, the G-invariance implies that h induces a bundle map 
w : ^ ~ p*A/G — > TP/G. The following commutative diagram, which 
was suggested to me by Alan Weinstein, is helpful in understanding the 
relationship between the different geometric objects associated with an A- 



^In this paper "smooth distributions" are always in the sense of Sussman [p7{, so that 
for each point uo £ P there exists a neighborhood uq & U G P and smooth vector fields 
Xi , . . . , Xr in U, such that Tiu = span {Xi |„, . . . , X,- |ti} for all u aU . 
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Note, however, that in this diagram Ker # is not a vector bundle, except 
if A is a regular Lie algebroid. The dash arrow will be explained later. 

In the usual theory of covariant connections, one has A — TM and # is 
the identity map, so a connection can be thought as a splitting of the Atiyah 
sequence. This is the approach taken by Mackenzie in and which lead 
him to the introduction of a connection for a transitive Lie algebroid as a 
splitting of the analogous short exact sequence: 

^ Ker # ^ A TM ^ • 

This approach was also followed by Kubarski in his theory of characteristic 
classes for regular Lie algebroids (||2^, |2^). 

2.2. Connection 1-section and Curvature 2-section 

Let E ^ M he any vector bundle. In the theory of Lie algebroids, 
elements of T*{A*,E) = r(AM*) (g) r(£:) play the role of (£;-valued) dif- 
ferential forms. We shall refer to an element in r^{A*,E) as an i?- valued 
r-section, or simply as an r-section if it is clear from the context what E is. 
In case E is also a Lie algebroid, we have an induced (super) Lie bracket 
on V{A*,E) by setting: 

[P,Q]{ai, . . .,ap+q) = 

{p + q)\ ■ • ■ '"o-(p)),Q(a<T(p+i), ■ • ■,a„(p+q))], (18) 
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where the sum is over all permutations a of p + q elements. 

To deal with connections we let E = TP/G. As we remarked above, 
a connection h defines a bundle map oj : A ^ p*A/G TP/G, i.e., an 
element in T^(A*,TP/G), and we call u the connection 1-section. We 
define the exterior A-derivative 

D : r' {A* , TP/G) r'+i {A* , TP/G) 

by setting: 

DQ{ao, ...,aq) = — — Q(ao, • ■ • , "fc, ■ • ■ , a?) 

H 5— V'(-l)''+'(3([afc,ai],ao, .,ag). (19) 

(7+1 

^ k<l 

Now we introduce the curvature 2-section ft G r^(yl*, TP/G) of the 
connection by setting: 

n{a, /?) EE 1 {[u;{a), u;{f3)] - u;{[a, /?])) , (20) 

for a,P E r(^)- The curvature 2-section measures to which extent the 
horizontal distribution fails to be integrable. 

Proposition 2.1. The curvature 2-section satisfies the structure equa- 
tion: 

n = Duj-^[uj,Lj]. (21) 



Proof. We compute using (|T^) and (p^): 



Diu{a,P)^[uia),u{f3)]~-iui[a,(3]), 
[a;,a;](a,/3) = [c^(a),w(/3)] 



so we have 

n{a,(3) - DLo{a,l3) - ^[u;,co]{a, f^) - ^ {Ha),u;{P)] - u;{[a, P])) 



which shows that (21) is satisfied. | 
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The horizontal distribution in general will have non-constant rank. Still, 
if we call a flat A-connection an A-connection for which the horizontal 
distribution is integrable, we have: 

Corollary 2.1. An A-connection is flat iff its curvature 2-section van- 
ishes. 

Proof. By a result of Hermann [|4| , a generalized distribution associated 
with a vector subspace T) C X^{M) is integrable iff it is involutive and rank 
invariant. Taking V = {h{a) : a G T{A)}, so that Tin = {X{u) : X eV}, 
( pO| ) shows that V is involutive iff the curvature 2-section vanishes. Hence, 
all it remains to show is that if the curvature vanishes and 7(i) is an integral 
curve of h(a) then dimTi^jj) is constant, for all small enough t. 

Fix a £ T{A) and let (jyf be the flow Xj^, let be the flow of #a and 
let ip'j^ be the flow of h{a). We have ijj'j^ — p o ijj'j^ — tt o (j)f (see prop. 1.1). 
If /3 e T{A) we claim that 

for small enough t. In fact, the infinitesimal version of this relation is 

[h{a),h{f])]^h{[a,/3]), 

which holds, since we are assuming that the curvature vanishes. 

Therefore, the flow ip" gives an isomorphism between H-y(o) and , for 

small enough t, so T) is rank invariant. | 

We also have an analogue of the usual Bianchi's identity: 

Proposition 2.2. The curvature 2-section f2 satisfies the Bianchi iden- 
tity: 

Dn = 0. (22) 

Proof. From expression ( |20| ) for the curvature and the definition ( p9| ) 
of the exterior A-derivative, we compute: 

- O + 7])), 
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where the symbol Q denotes cychc sum over the subscripts. The first and 
fourth term vanish because of Jacobi's identity, while the two middle terms 

cancel out. | 

Let Sj : Uj ^ P he a, local section of P{M, G) defined over an open set 
Uj C M . Then we have a trivializing isomorphism ijjj : p^^{Uj) Uj x G 
such that Sj{x) = ^~^{x,e), where e G G is the identity. If g denotes the 
Lie algebra of G, we also have an isomorphism Tjj.P/G ~ TUj x g. Given 
an ^-connection h, the corresponding connection 1-section lo trivializes 
over Uj as 

for some ujj G T{A* ^q). We also have the following alternative description 
of LOj: if a G r(j4), x G Uj, and u = Sj{x), then 

Xu ^ {sj)*ifa^ - h{sj(x),a^) G T„P 

is a vertical vector since, by (CI), we have: 

p^Xu = p* • (sj)*#aa; - p*h{sj{x),ax) = - = 0. 

Then ujj^a)^^ is the unique element i? G g such that X„ = a{B)u , which 
exists by (CII). The {ujj} will be called the local connection 1-sections of 
the A-connection. 

If Sfe : [/fe — + P is another local section with Uj nUk ^0, we denote by 
4>jk : Uj n Uk ^ G the corresponding transition function. The following 
proposition gives the transformation rule for the local connection 1-sections. 



The proof is similar to the proof for the Poisson case (|10 , Prop. 1.3.1) and 
so it will be omitted. 

Proposition 2.3. The local connection 1-sections {ujj} transform by 

uJk = Ad{ijJ,})ujj + iJjJi^dAipjk, on Uj Ci Uk- (23) 

Conversely, given a family of Q-valued 1-sections {i-^j}, each defined in Uj 
and satisfying relations (p^, there is a unique A-connection in P{M, G) 
which gives rise to the {^j}- 
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For the local description of the curvature we observe that the 2-section 
O is vertical: in fact, by (20), for a, /? G ^{A) we have 

= ^ -#K/5])-o. 

Hence, over each trivializing neighborhood Uj , the curvature 2-section triv- 
ializes as 

for some ftj e r'^{A*,g). 

The local curvature 2-sections {flj} satisfy local versions of the structure 
equation (|2^) and Bianchi identity (p2|). Again, the proof is similar to the 
Poisson case ([0, Prop. 1.4.1) and will be omitted. 

Proposition 2.4. The local curvature 2-sections of a connection trans- 
form by 

Qk = Ad{^J^^ ) , on Uj n Uk . (24) 

Moreover, they are related to the local 1-sections by the first structure equa- 
tion 

flj = d^ojj + — [uuj^uuj]. (25) 
and they satisfy the Bianchi identity: 

dA^j + [uJj,^j\=0. (26) 



Note that since the curvature is a vertical 2-section, given a, /? G r(^) 
we can identify f2(a, j3) with a g-valued map in P. Under this identification 
relation (|2^) can be written as: 

[h(a), hm ~ h{[a, m = -2a(f}(a, /?)), (27) 

and we have 
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Later we shall use this identification without further notice. 

2.3. Parallelism and Holonomy 

If 7 : [0, 1] ^ M is a smooth curve lying on a leaf L of the Lie algebroid 
A, then 7 is also smooth as map 7 : [0, 1] L. This follows from the 
existence of "canonical coordinates" for M given by the Local Splitting 
Theorem. Also, by the same theorem, we can choose (not uniquely) a 
piecewise smooth family t ^ a{t) G A such that #a(t) — 7(i). Recalling 



definition 0.4, this means that any path that lies on a leaf is the base path 
of some A-path. Clearly, if ^ is not injcctive, different yl-paths can have 
the same base path. 

Let a{t) be an A-path with base path ^{t). For any uq (z P with p{uq) — 
7(0) one can show, using the G-invariance of h, that there exists a unique 
horizontal lift 7 : [0, 1] P, which satisfies the system 

(28) 

7(0) = -uo- 

Hence, we can define parallel displacement of the fibers along an A-path 
a{t) in the usual way: if uq G P "'^(7(0)) we define t(mo) = 7(1), where 
7(t) is the unique horizontal lift of a{t) starting at uq. We obtain a map 
T ; ^^^(7(0)) — > ^^^(7(1)), which will be called parallel displacement of 
the fibers along the A-path a{t). It is clear, since horizontal curves are 
mapped by Ra to horizontal curves, that parallel displacement commutes 
with the action of G: 

ToRa=RaOT. (29) 

Therefore, parallel displacement is an isomorphism between the fibers. 

If X G M belongs to the leaf L, let ft{L, x) be the loop space of L at x. 
An A-path a{t) for which the base path is a loop 7 G ft{L,x) will be called 
an A-loop in L based at x. Parallel displacement along such an A-\oop 
a{t) gives a an isomorphism of the fiber p~^{x) into itself. The set of all 
such isomorphisms forms the holonomy group of the A-connection, with 
reference point x, and is denoted $(a;). Similarly, one has the restricted 
holonomy group, with reference point x, denoted ^'^{x), which is defined 
by using A-loops in L with base paths homotopic to the constant path. 

For any u G p^^{x) we can also define the holonomy groups $(m) and 
$"(7i). Just as in the covariant case, $(u) is the subgroup of G consisting 
of those elements a d G such that u and ua can be joined by an horizontal 
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curve. We have that <!>(«) is a Lie subgroup of G, with connected compo- 
nent of the identity and we have isomorphisms ~ $(a;) and 



li x,y G M belong to the same leaf then the holonomy groups $(a;) and 
are isomorphic. This is because ii u,v G P are points such that, for 
some a € G, there exists an horizontal curve connecting ua and v, then 
= Ad{a^^)^{u), so 4>(u) and ^{v) are conjugate in G. However, if 
x,y G M belong to different leaves the holonomy groups <i>(a;) and 
will be, in general, non-isomorphic. 

The holonomy groups can be given an infinitesimal description as in 
the Ambrose-Singer Holonomy Theorem. For that, suppose that 7 G 
satisfies #7 = 0. If u G p~^{x) we set: 



where j is such that Sj{x) — u. It follows from the transformation rule 
( p3|) that the previous formula gives a well defined map A : a;) — > g 
(the dashed arrow in the diagram above). Also, denote by P{uq) the set of 
points u £ P that can be joined to uq by an horizontal curve. We have: 

Theorem 2.1 (Holonomy Theorem). Given any A-connection in the 
principal bundle P{M, G) and uq G P, the Lie algebra of the holonomy 
group $(mo) G G is the ideal of g spanned by all elements n{a,f3)u and 
A{^)u, where u G P{uq) and a, (3,^ G ^p(u), with #7 — 0. 

The proof is also analogous to the Poisson case (0, Thm. 1.5.2) and so 
it will be omitted. 

Note the presence of the extra term A in the Holonomy Theorem. This 
means that a Lie algebroid connection can be flat and still have non-discrete 
holonomy, a phenomenon that is not present in the covariant case or when- 
ever # is injective. 



Consider the tangent Lie algebroid A ~ TM and a TAf-connection in 
P{M,G), i.e., a covariant connection. Its horizontal lift h : p*TM 
TP is completely determined by the horizontal distribution Ti. For a Lie 
algebroid A — > M, the formula h{u, a) = h{u, #a) defines an A-connection 
in P{M, G) which is said to be induced by the covariant connection. Note 
that in this case the lift h satisfies: 



A(7)„ = Wj(7) 



X J 



2.4. Relationship to Ordinary Connections 





(30) 
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This construction shows that there are always ^-connections on any prin- 
cipal bundle P{M, G) over a Lie algebroid A — » M . 

Let u) be the connection 1-form and let Vt be the curvature 2-form of 
the covariant connection h. Then it is clear from the definitions given 
above that the connection 1-section u) and the curvature 2-section 17 of the 
induced A-connection h are given by: 

w = #*w, rj = #*n. (31) 

Also, given trivialization isomorphisms {^j}, inducing local sections {sj}, 
we see that the associated local connection 1-sections and curvature 2- 
sections are related by: 

u;j=#*Ldj, VLj^#*nj. (32) 

However, in general, a connection will not satisfy property (|3^) and we 
set: 

Definition 2.2. An A-connection on a principal bundle P{M,G) is 
called an JF-CONNECTION if its horizontal lift satisfies condition ( |30| ) 

Let us fix one such jF-connection on P{M,G). Then, on the pull-back 
bundle pl '■ i*P — > L, we have a naturally induced TL-connection, i.e., a 
covariant connection. On the total space 

i*P ^ {{x,u) e L X P : i{x) = p{u)} 

we define the horizontal lift fiL : P*lTL T{i*P) by setting 

/iL((a;, u), w) = (u, a)), {x,u) ^ i*P,v ^ T^L, (33) 

where we choose any a G such that #/3 — u, and we are identifying 
T{i*P) = {{v, w) &TS xTP :v = p^w}. Note that if #/?' = #/3 = w we 
get the same result in ( ^3|) since h is an jF-connection. 

Proposition 2.5. Letil andu) he the connection and curvature sections 
for an T -connection in P[M,G). For a leaf i : L ^ M denote by Cu^ 
and Cl^ the connection 1-form and the curvature 2-form for the induced 
connection on i*P{M, G). Then uj and ft are i-related to #*tD^ and #*f2^; 



(34) 
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Therefore, an ^-connection can be thought of as a family of ordinary 
connections ovc;r the leaves of M. The connection 1-scction ui and the 
curvature 2-scctions fl are obtained by gluing together the connection 1- 
sections and the curvature 2-sections of the connections on 

the leaves of M. 

For an :F-conncction, horizontal lifts of A-paths a.{t) depend only on the 
base path 7(f). Therefore, one has a well determined notion of horizontal 
lift of a curve lying on a leaf. It follows that for these connections, parallel 
displacement can also be defined by first reducing to the pull-back bundle 
over a leaf and then parallel displace the fibers. Hence, the holonomy 
groups $(a;) and $°(a;) coincide with the usual holonomy groups of the 
pull-back connection on the leaf L through x. 

2.5. Connections on a Vector Bundle 

If G acts on the left on a manifold F we denote by pe ■ E{M, F, G, P) — > 
M the fiber bimdlc associated with P{M, G) with standard fiber F. 

Given an A-connection in P{M,G) with horizontal lift h : p* A — > TP, 
we define the induced horizontal lift He ■ P*eA TE as follows: given 
w G E choose {u,^) G P x F which is mapped to w, and set 

/i£;(u', a) = a), (35) 

where wc arc identifying ^ with the map P ^ E which sends an clement 
u G P to the equivalence class [u,S] G E. One can check easily that this 
definition does not depend on the choice of (u,^), so we obtain a well 
defined bundle map He : p%A ^ TE which makes the following diagram 
commute: 

P*^aJ^TE (36) 

PE. 

A —^TM 

# 

As before, wc can define horizontal and vertical vectors in TE, horizontal 
lifts to E of curves lying on leaves of the orbit foliation, and parallel dis- 
placement of fibers of E. We shall call a cross section a oi E over an open 
set f7 C M parallel if <7^{v) is horizontal for all tangent vectors v G TuM. 

Now assume that G acts linearly on a vector space V . On the associated 
vector bundle E{M, V, G, P) we obtain an horizontal lift He ■ P*eA TE 
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which has the distinguish property of being linear: 

hsiw, aiai + 0202) ~ aihsiw, ai) + a2hE{w, a2)- (37) 



Conversely, given a bundle map He '■ P*e^ ~* TE satisfying (37) and making 



the diagram (|36|) commute, it is associated with some A-connection on the 



principal bundle P{M,G) through relation (35). 

For an A-connection on a vector bundle E we have the notion of A- 
derivative of sections of E along A-paths, analogous to the notion of co- 
variant derivative of sections for covariant connections. Given a section 
4> oi E defined along an A-path a{t), its A-derivative Vq0 is the section 
defined by 

V„</>(0 ^ hm I [r'+'^imt + h))) ~ mt))] , (38) 

where j{t) denotes the base path of a(t) and t*^'* : p'^^{^{t + h)) 
P~E^{l{^)) denotes parallel transport of the fibers from ^{t + h) to 7(f) 
along the A-path. The proof of the following proposition is elementary. 

Proposition 2.6. Let (p and be sections of E and f a function on M 
defined along 7. Then 

(liNM-P) = (/ ° 7)Va(A + 7(/)(</' ° 7); 



Now let a € Ax and let (f> he a, cross section of E defined in a neighbor- 
hood of X. The A-derivative Vq0 of in the direction of a is defined as 
follows: choose an A-path a{t), with base path 7(t), defined for t G (— £,e) 
and such that 7(0) = x, a(0) = a. Then we set: 

V„0 = V„(t)0(O). (39) 

It is easy to see that Vq0 is independent of the choice of A-path. Clearly, 
a cross section p oi E defined on an open set U C M is flat iff V a4> — for 
aU a e A^, X G M. 

Finally, given a G r(A) and a section of E, we can also define the 
A-derivative Vq,0 to be the section of E given by: 

V,<^(a;) = V„>. (40) 

Moreover, we have the following properties of the A-derivative: 
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Proposition 2.7. The A-derivative V is a map r{A) x r{E) — > r(i?) 
that satisfies 

( i) \7a+i3(f> = Va(/) + D[3(l); 

(ii) \/o.{(l) + V) = V„<^ + Va^/i; 

(iii) yfa = /Va0; 

/or ffl/Z a,/3 e r(A), ^,V' G r(£;), and / e C°°(M). 



It is also true that the ^-derivative uniquely determines the connection: 
Given a map V : T{A) x T{E) — > T{E) satisfying properties (i) to (iv) 



of Proposition 2/7_, there exists a unique ^-connection on the associated 
principal bundle P{M, G) for which the induced A-derivative on E is V. 

For an A-connection in a vector bundle E we define the curvature section 
R to be the section of /\^A* ® End(£') given by 

i?(a,/?)7 = sj{x) [n,{a,P) ■ s-\x)(n)\ . (41) 

where x € Uj, a, (3 £ Ax and 7 e E'^ (here we view u € P{M,G) as 
an isomorphism u : V ^ Ep(^uj). Note that if 2; G Uj Cl Uk and Sk{x) = 
'ipjk{x)sk{x) we obtain the same values in formula (pl|), so this really defines 
a global section on M. This section can be easily expressed in terms of A- 
derivatives as 

R{a, /3)7 = V„V/37 - V^Vc.! - (42) 
Moreover, Bianchi's identity ( p6| ) in this notation reads 

O V„,(i?(a2,a3)) - O R{[ai,a2],a3)=0. (43) 

If the A-connection h is induced by a covariant connection h, the A- 
derivative V and the covariant derivative V are related by 

V„ = V#a. (44) 

On the other hand, J-"-conncctions can be characterized by the condition: 

#a = =^ Vc« 0, Vaer(A). (45) 
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Moreover, by Proposition 2.5, for an JF-connection, on each leaf i : L ^ M 
there is a covariant connection on the puUback bundle i*P, inducing a 
covariant derivative on i*E, with the following property: if ip is any 
cross section of E, then 

**V„V^ = V^,.„*>, (46) 

where i*ip denotes the section of the puUback bundle i*E induced by ip. 

Remark. A flat A-connection on a vector bundle E is sometimes called 
a Lie algebroid representation of A or an A- module (see e.g. 0)- In 
fact, if we set a • s = Vq,s we get a bilinear product V{A) x T{E) ^{E) 
and the axioms for V to be a flat yl-connection are translated into 

(/a)-s = /(a.s), (47) 
a-(/s) = /(a-5) + #a(/)s, (48) 
[a,l3]- s = a- {13 ■ s) - 13 ■ {a- s). (49) 

One reason for this terminology is that in the case of a Lie algebra g, viewed 
as a Lie algebroid over a one point space, E is just a vector space and these 
are the requirements for i? to be a g-module. 



2.6. Linear A-Connections 

A linear A-connection is a A-connection on the frame bundle P = 
GL{A), so G — GL{r) where r = rank A. If it = (ai, . . . , a,.) G GL{A) is a 
frame, we can view m as a linear isomorphism u : M*" — > by setting 

We define the canonical 1-sections 6j e T(A*) on an open set J7j, with 
trivializing isomorphism ipj : p~^(Uj) — > Uj x G, and associated section 
Sj{x) — ^~^{x, e), to be the R''-valued 1-sections defined by 

ej{a)x = Sj{xy^{a), xeUj. (50) 

Given an A-connection these allow us to define the torsion 2-sections Qj G 
r(A^A*) to be the R''-valued 2-sections given by 

e,(a,/3) = dAe,ia,(3)+LOj{a)-e{p)-io,{f3)-e,{a). (51) 

We state the main properties of the torsion: 
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Proposition 2.8. The canonical 1-sections and the torsion 2-sections 
of a linear A-connection are related by 

Ok = i^J,'-0„ (52) 

efe = ^7;.e,. (53) 

Moreover, they satisfy the Bianchi identity 
dAej{a,P,j) = Q dAL0,{a,l3) ■ 9,{j) - Q c.,(a) • d^0,(/3,7). (54) 



The vector bundle A is associated with the principal bundle GL{A) of 
frames of A. Therefore, as it was explained in the previous paragraph, any 
linear A-connection determines an A-derivative operator V : r{A)xr{A) 
T{A) such that: 

V/iai+/.«. = /iV„, + /iV„,, for all /, G C°°(M), a, G r{A), (55) 
Vo(//?) = /V„/3 + #«(/)/?, for all / G C°°(Af), a, /? G T{A). (56) 



One can also consider other associated vector bundles to GL{A) which 
lead, just us in the covariant case, to A-derivatives of any r-sections over 
A. For example, if X is a section of A*, then VqX, the A-derivative of X 
along a G r(A), is completely characterized by the relation 

(V„X,/3) =#a((X,/3))-(X,V„/3}, (57) 

which must hold for every section /? G r(A). 

For a linear A-connection we define the torsion section T to be the section 
of A (g) A* (g) A* given by 

T(a,/3) =s,(x)(e,(a,/3)), (58) 

where x G Uj, a,/3,7 G Ax- Note that if a; G Uj n Uk and Sk{x) — 
'ipjk{x)sk{x) we obtain the same values in formula (p8|), so this really defines 
a global section of M. In terms of A-derivatives, the torsion is given by 



T(a,/3) = V„/3-V0a-[a,/3]. 



(59) 
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Moreover, the Bianchi identities (^3|) and (Q) can also be expressed as 

O (Vai?(/3, 7) + R{T{a, 7)) = 0, (60) 

O {R{a. Ph - T{T{a, 7) - V„r(/3, 7)) = 0. (61) 

a,/?, 7 

If it happens that the A-connection is related to some covariant connec- 
tion by: 

the torsion and curvature sections of the A-connections are transformed by 
the musical homomorphism to the usual torsion and tensor fields of V: 

r(#a,#/3) = #r(a,/3), 

i?(#a,#/?)#7 = #i?(a,/3)7. 

Local coordinate expressions for linear A-connections can be obtained in 
a way similar to the covariant case. Let (a;^, . . . jX"*) be local coordinates 
and (a^, . . . , a*") local sections for A in a trivializing neighborhood U C M . 
Then we can define Christoffel symbols F^* by 

V„.a*=r^*a", (62) 

where we are using the repeated index sum convention. It is easy to see 
that under a change of coordinates and a change of basis of the form 

y^"=y^(x\...,x™), 5^' =a:'(x^...,a;'")a^ 

these symbols transform according to 

fif =ai4K^T^+<4}f^^^ (63) 

where are the structure functions of # in the original coordinates, and 
(a|,) denotes the inverse of (of ). Conversely, given a family of symbols 
that transform according to this rule under a change of coordinates and 
basis of sections, we obtain a well defined A-derivative/connection on A. 
Let us call an element 



K e T(A <^ ■ ■ ■ A(E)A* ■ ■ ■ A*) 

^ V ' V ' 

k times / times 
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a section of type {k,l), or simply a (fc, ^)-section. Using these symbols, it 
is easy to get the local coordinates expressions for the ^-derivatives of a 
such a {k, ^)-section: Let a — '^sCt'^ be a section of A and write K as 

K = Kll-'-^^'^a"^ (g) ■ ■ ■ (g) a"" ■ ■ ■ (E) at, 

where {ai, . . . , ar} is the basis of local sections of A* dual to {a^, ... a'"}. 
Then the A-derivative of K along a is the {k, ^)-section 



^jy'Si...Si I 



S1...U...S1 ^ 



h=l 



(64) 



Given a section K of type (fc, X) we shall write, as in the covariant case, 
Vif for the unique section of type (fc, I + 1) that satisfies 



(VX)?-;;^''^ = (V„.X)?-;;^. (65) 

A tensor field on M is parallel iff VK = 0. 

From formulas (|5^) and (^2|), we obtain immediately the following local 
coordinates expressions for the torsion and curvature in terms of Christoffel 
symbols and structure functions: 

T„^* = r:/-r^*-<*, (66) 



2.7. Connections Compatible with the Lie Algebroid Structure 

In Poisson geometry, linear connections for which the Poisson tensor is 
parallel play an important role. We recall that for a Poisson manifold 
(ilf , n) a contravariant connection is just a linear connection V on T*M. 
It induces a T*M-connection V on TM in the usual way: 

(V„X,/3) - #a((X,/3)) - (X, V„/3) , e A'i(Af), a, /3 e n\M). 

The connection V is a Poisson connection, in the sense that VII — 0, iff 



V# = #V. 
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For a general Lie algebroid we do not have a relationship between A 
and TM analogue to the duality between T*M and TM that occurs in 
the Poisson case. The notion of a Poisson connection is replaced by the 
following: 

Definition 2.3. A linear connection on a Lie algebroid A, with associ- 
ated A-derivative V, is said to be compatible with the Lie algebroid 
STRUCTURE of A if there exists an A-connection in TM, with associated 
A-derivative V, such that 

V# = #V. 



In ||lO|, Prop. 2.5.1, a simple argument shows that Poisson manifolds al- 
ways admit Poisson connections. This argument extends to Lie algebroids. 

Proposition 2.9. Every Lie algebroid admits compatible linear connec- 
tions. 

Proof. Let Ua be a domain of a chart {x^, . . . , x™') where there exists 
a basis of trivializing sections {a^,...,a^}. On Ua, we define a linear 
^-connection by 

and an A-connection on TUa by 

^(g) d _ d 

" dx^ dx^ dx^ ' 

where fo"-' and c^* denote, as usual, the structure functions for this choice 
of coordinates and basis. A straight forward computation shows that the 
relation #[a'*,Q!*] = [#a^,#a*] implies that 

so V*-"^ is a linear connection in Ua compatible with the Lie algebroid 
structure. 

If we take an open cover of M by such chart domains and if 0^"^ = 1 is 
a partition of unity subordinated to this cover, then V EE Y.a^'^"'^^'''"^ and 
V = (/)(")V^°^ define A-connections that satisfy V# = #V, i.e., V is a 

connection in M compatible with the Lie algebroid structure. | 
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An alternative approach to compatible connections is the following. Let 
us write E = A Q T* M for the vector bundle over M which is the "formal 
difference" of the vector bundles A and T*M . If we are given a linear 
^-connection compatible with the Lie algebroid structure, we obtain an 
A-connection on E by setting: 

V{A),uj C,n^{M). (68) 

Also on E we have a canonical skew- symmetric bilinear form (•, •) given by 
the formula: 

(a + L^,/3 + ?7) = ^(#«)-^(#/3), (69) 

and which, in general, will be degenerate. 

Proposition 2.10. V is compatible with the Lie algebroid structure iff 
the skew- symmetric form (•, •) is parallel with respect to V, i.e., 

#7((C, 0) = (V^C, + (C, v^O, 7 G r(A), c, ^ e ns). 



Proof. A straightforward computation. | 



3. HOLONOMY 

For a regular foliation the topological behaviour close to a given leaf is 
controlled by the holonomy of the leaf. For singular foliations the situation 
is more complex (see e.g. where holonomy is defined for transversally 
stable leaves). 

In this section, we will show that for any Lie algebroid it is possible 
to introduce a notion of holonomy. This holonomy can be defined as a 
map between the transversal algebroid germs that describe the transversal 



geometry of the Lie algebroid (cf. Section L3). In this theory of holonomy 
yl-connections play a crucial role. 

Later in the section we consider linear holonomy which will take us to 
the concept of a basic connection. Basic connections will be used in the 
next section to define secondary characteristic classes for the orbit foliation 
of a Lie algebroid. 

3.1. Holonomy of a Leaf 

Throughout this discussion we will consider a fixed leaf i : i ^ M of 
the Lie algebroid ir : A ^ M. We denote by i^{L) — TlM/TL the normal 
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bundle to L and by p : v^L) — > L the natural projection. By the Tubular 
Neighborhood Theorem, there exists a smooth immersion i : v{L) M 
satisfying the following properties: 

(i) i|z = where we identify the zero section Z of i^iL) with L; 

(ii) i maps the fibers of iy{L) transversally to the foliation of M; 

Assume that we have fixed such an immersion, and let x G L. Each 
fiber = p~^{x) is a submanifold of M transverse to the foliation so we 
have (see Section |l.3| ) the transverse Lie algebroid structure Ap^ Fx. 
Because F^ is a linear space we can choose a trivialization and identify the 
fibers {Af^)^ for different u € p~^{x). Finally, we choose a complementary 
vector subbundle E (Z A to Ap^: 

Au=EuS){AfJu. (70) 

Note that, by construction, the anchor # : A — » TM maps Ap^ onto TF^, 
its restriction to E is injective, and vectors in ^E are tangent to the orbit 
foliation. 

Let a ^ Ax- We decompose a according to ([70|): 

a = a" + a^, where a" G -E^^, ^ {Af^)^. 

For each u ^ F^ — p~^{x), we denote by cil G E^ the unique element such 
that duP ■ #ai = #«", and by G {Ap^)u the element corresponding to 
under the identification {Ap^)u — {Ap^)^. We also set a = a" + a-^. 
Given a £ A^, a; G L, and u G F^, define the horizontal lift to i'{L) by 

h{u,a) = i^ctu G Tuv{L). 

By construction, we have the defining property of an A-connection: 

p*h{u,a) — ^a, uep^^{x). 

Note that h depends on several choices made: tubular neighborhood, triv- 
ialization of Ap^ and complementary vector bundle E. 

Let a{t), t G [0, 1], be an A-path with base path j{t) lying in the leaf 
L. If li G ^"^(0) = '^(^)l7(o) is a point in the fiber over 7(0), there exists 
an e > and a horizontal curve j{t) in i^(i), defined for t G [0,e), which 
satisfies: 

|7(0 = M7(t),a(0), ie[0,e), 
7(0) = u. 
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If we take u — the lift j{t) coincides with j{t), and so is defined for 
t G [0, 1]. It foUows that we can choose a neighborhood of in ^^^(o) — 
i^(i)|-y(o), such that for each u Cz U-y the hft j{t) with initial point u is 
defined for all t e [0, 1]. Moreover, by passing from initial to end point, 
this lift gives a diffeomorphism HL{a)o of onto a neighborhood Vy of 
in f-y(i) = j^(L)|-j,(x) , with the property that is mapped to 0. 

Proposition 3.1. Let a be an A-path in a leaf L C M. The isomor- 
phism HL{a)o is covered by (a germ of) a Lie algebroid isomorphism HL{a) 
from ^F^(o) to Ap_^^^y If a' is another A-path in L such that 7(1) = 7'(0) 
we have 

HLia-a') ^ HLia)oHL{a'), (71) 
where the dot denotes concatenation of A-paths. 

Proof. Let a{t) be an ^-path in L. We can find a time-dependent 
section at of A over L such that at{'j{t)) = a{t). Using the notation above, 
we define a time-dependent section at over the tubular neighborhood such 
that for X G L and u G p~^(x) 

at = af + a^, where aj' e Eu, a^ G {Apju- 

The lifts 7 are the integral curves of the vector field Xt defined by 

Xt = ffdt, 

so HL{a)o is the map induced by the time-1 flow of Xt on F^g. 

The flow of Xt is induced by the 1-parameter family of Lie algebroid 
homomorphisms of A obtained by integrating the family at (see Section 
1.1). The homomorphisms gives a Lie algebroid isomorphism 

HL{a) : Af^^„^ ^F^(i)^ 

which covers HL{a)Q. Relation ( ]7l| ) follows since we have just shown that 
H^la) is the time-1 map of some flow. | 

We call HL{a) the A-holonomy of the A-path a{t). One extends the 
definition of Hl for piecewise smooth A-paths in the obvious way. 

Denote by 2tut(Aj7^) the group of germs at of Lie algebroid automor- 
phisms of Ap,^ which map to 0, and by ^A{L,Xf)) the group of piecewise 
smooth A-loops based at xq. 
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Definition 3.1. The v4-holonomy of the leaf L with base point xo 
is the map 

Notice that the holonomy of a leaf L depends on the tubular neighbor- 
hood i : v{L) M, on the choice of trivialization, and on the choice of 
complementary bundles. However, two different choices lead to conjugate 
homomorphisms . 

Example 3.1. Suppose # is injective, so we have a regular foliation 
J- and A can be identified with TJ-. Then Ap^ is a trivial Lie algebroid 
so 2lut(^F^^) can be identified with ^ut{Fxg), the group of germs of dif- 
feomorphisms of Fxg which map to 0. Also, E = A so the horizontal lift 
h{u, a) is the unique tangent vector to the leaf through u which projects to 
if a. We conclude that for a regular foliation, the Lie algebroid holonomy 
coincides with the usual holonomy. 

Example 3.2. Let A = T*M be the Lie algebroid of a Poisson man- 
ifold (M, n) . In this case there is a natural choice for the complementary 
subbundle E, namely i?„ — {TuFx)'^. It follows from the results in ||l^ 
that, for this choice, each automorphism HL{a) covers a Poisson auto- 
morphism, and is in fact determined by the Poisson automorphism that it 
covers. Therefore, in this case, the Lie algebroid holonomy homomorphism 
is essentially the same as the Poisson holonomy defined in ||l^ . 

Example 3.3. Let A — M x Qhe the transformation Lie algebroid 
associated with some infinitesimal action p : q ^ A'^(M). Given a G g we 
can identify it with a constant section of A. Let xg G M be a fixed point 
for the action and take L = {xq}. Then F^g = M and Apg ^ A, so E is 
the trivial bundle over M . The horizontal lift is given by h{u, a) — ifuCt — 
p{a) ■ u. If : G X M ^ M denotes some local Lie group action that 
integrates p, we find for the constant ^-path a{t) — a 

HL{a){x,v) = (^'(exp(a), x), v4d(exp(a)) -v), 

which is a Lie algebroid automorphism of Ap^^ ~ AI x g. Note that an 
A-loop with base path homotopic to a constant path might have non-trivial 
holonomy. 
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3.2. Reduced Holonomy 

The Lie algebroid holonomy defined in the previous sections is not ho- 
motopy invariant (Example 3.3). Following the constructions given in 
and for the Poisson case, we can give a notion of reduced holonomy 
which is homotopy invariant. 

Recall that 2tut(Ai?^) denotes the group of germs at of Lie algebroid 
automorphisms of Ap^ which map to 0. We shall denote by Dut{Ap^) the 
corresponding group of germs of outer Lie algebroid automorphisms (see 
the end of Section 1.1). 



Proposition 3.2. Let x ^ L C M be a leaf of A with associated A- 
holonomy '■ ^a{L,x) ^Aut{Fx). If ai{t) and a2{t) are A-loops based 
at X with base paths 71 ^ 72 homotopic then H^^ai) and i?L(<^2) represent 
the same equivalence class inOut{F,j:). 



Proof. Recall that any piecewise smooth path j G L can be made into 
an A-path. By Proposition 3.1, property ([ti]), it is enough to show that for 



every x E L there exists a neighborhood U of x in L such that if ^{t) C U 
is a piecewise smooth loop based at x and a(t) £ A is a piecewise smooth 
family with #0; — 7 then HL{a) is a inner automorphism of Ap^ 



We use the same notation as in the proof of Proposition so we 
construct a time-dependent section at in a tubular neighborhood of L which 
decomposes as a* = ci[' + a^, and H^^a) is obtained by integrating this 
section up to time 1. 

It is clear that the parallel component #(5[' has no effect on the holonomy. 
Hence we can assume that L = {x}, = M, 7 is a constant path and at = 
(5^. But then is a 1-parameter family of automorphisms of Ap^ with 
— HL{a), so we conclude that H^la) is an inner automorphism of 

Af.- I 

Given a loop 7 in a leaf L we shall denote by Hl{i) G £iVii{Ap_^) the 
equivalence class of H]^{a) for some piece- wise smooth family a(t) with 
#a{t) = "f{t). The map Hl : fliL,x) Dut{ApJ will be called the 
reduced holonomy homomorphism of L. This maps extends to continuous 
loops and, by a standard argument, it induces a homomorphism Hj^ : 
7ri(L,x) Dut{Ap^) where tti{L,x) is the fundamental group of L (the 
use of the same letter to denote both these maps should not cause any 
confusion). 
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3.3. Stability 

Recall that, for a foliation of a manifold M, a saturated set is a set 
S C M which is a union of leaves of J^. A leaf L is called stable if it 

has arbitrarily small saturated neighborhoods. In the case of the orbit 
foliation of a Lie algebroid a set is saturated iff it is invariant under all 
inner automorphisms. Hence, a leaf is stable iff it is has arbitrarily small 
neighborhoods which are invariant under all inner automorphisms. 

Wc shall call a leaf L transversally stable if TV n L is a stable leaf for 
the transverse Lie algebroid structure An, i.e., if N has arbitrarily small 
neighborhoods of NdL which are invariant under all inner automorphisms 
of An. 

The following result is a generalization of the Reeb Stability Theorem 
for regular foliations. 

Theorem 3.1 (Stability Theorem). Let L be a compact, transversally 
stable leaf, with finite reduced holonomy. Then L is stable, i.e., L has 
arbitrarily small neighborhoods which are invariant under all inner auto- 
morphisms. Moreover, each leaf near L is a bundle over L with fiber a 
finite union of leaves of the transverse Lie algebroid structure. 

Proof. Assume first that L has trivial reduced holonomy and fix a base 

point xq G L. Wc choose an embedding of p : i'{L) ^ L in M, a com- 
plementary subbundle E and trivialization so we can define the holonomy 
map Hl. Also, we choose a Riemannian metric on L. 

By compactness of L, there exists a number c > such that every point 
X dz L can be connected to xo by a smooth ^-path of length < c. For some 
inner product on F^g, let be the disk of radius £ centered at 0. For each 
£ > 0, we can choose a neighborhood U C such that: 

(i) for any pieccwise-smooth ^-path in L, starting at xq, with length 
< 2c and for any u G U, there exists a lifting with initial point u; 

(ii) the lifting of any A-loop based at Xo with initial point u & U has end 
point in U; 

(iii) U is invariant under all inner automorphisms of A ; 

In fact, let ai,...,ak be A-loops such that their base loops 7i,...,7fc 
are generators of 7ri(L,a;o), and let $j be Lie algebroid automorphisms 
which represent the germs HL{ai). Since the reduced holonomy is trivial, 
there is a neighborhood U' of in F,,-, such that U C domain(c6i) n • • • n 
domain(^fc), and $i|f/' € lnn{Ap^^), for all i. Since L is transversally 
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stable, we can choose a smaller neighborhood U C U' invariant under all 
inner automorphisms. 

Given X e L and an A-path a{t) connecting xq to x, let us denote by 
Ga '■ U ^ Fx the diffcomorphism defined by lifting. It follows from i) and ii) 
above that if a'{t) is an A-path homotopic to a{t) then aaiU) — aa'{U). It 
follows from iii) that (Ta{U) is also invariant under all inner automorphisms. 

Let y be a neighborhood of L in M . There exists e{x) > such that for 
the corresponding C £'e(x) we have (Ta{Ux) CV f^F^- By compactness 
of L, we can choose £ > (independent oi x €: L) such that for the 
corresponding U C we have 

aaiU) cvnFx 

Set 

Vo = [j(To,{U). 

a 

Then Vq C F is a open neighborhood of L which is invariant under all inner 
automorphisms of M. Therefore, L is stable. 

If u,u' &Vo are two points in the same leaf of A such that p{u) = p{u') = 
X, then there is a path 7 in this leaf connecting these two points. We can 
choose a loop a{t) in L based at x such that 7 is a horizontal lift of this 
loop. Thus u' is the image of u by (a) which is a inner automorphism 
of Vo n Fa, . Therefore, u and u' lie in the same leaf of Vq n i^a, . We conclude 
that each leaf of M near L is a bundle over L with fiber a leaf of the 
transverse Lie algebroid structure. 

Assume now that L has finite reduced holonomy. We lei q : L ^ L 
be a finite covering space such that q^,TTi{L) — Kei Hl C tti{L). If we 
embed into M as above, and let z^(L) be the pull back bundle of ^{L) 
over L, we have a unique Lie algebroid structure A over z/(L) and a Lie 
algebroid homomorphism ^ : A ^ A which covers the natural map — > 
z^(L). Moreover, the reduced holonomy of A ^ ^{L) along L is trivial, 
so we can apply the above argument to ^{L) and the theorem follows. | 

Remark. If a leaf L is transversally stable and x G L, let N denote a 
stable neighborhood of F^. For each A- loop a, the holonomy H^^a) induces 
a homeomorphism of the orbit space of A^, for the transverse Lie algebroid 
structure, mapping zero to zero. If ai{t) and a2{t) are A-loops such that 
F[l{oli) and HL{a2) represent the same class in £)Vi.i{Fx), then they induce 
the same germ of homeomorphism of the orbit space mapping zero to zero. 
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In ^ holonomy of a general, transversally stable, foliation is defined using 
germs of homeomorphisms of the orbit space, which in the case of a foliation 
defined by a Lie algebroid coincide with these homeomorphisms. 

3.4. Linear Holonomy 

Let TT : A ^ M he a Lie algebroid and i : L ^ M a leaf of M with 
holonomy Hl ■ i^A{L,x) ^ul{Fx) (once appropriate data has been 
fixed). Over TqFx ~ we consider the Lie algebroid A^'" g x F^;, 
where g = Ker which is the linear approximation at to the transverse 
Lie algebroid structure Ap^. Also, we denote by Aut (A^'") the set of lin- 
ear Lie algebroid automorphisms of A^^^. There is a map d : 2tut(Ai?^) 
Aut (^^'") which assigns to a germ of a Lie algebroid automorphism of 
Ap^, mapping zero to zero, its linear approximation at 0. Obviously, we 
can identify such a linear map with a pair ip) where </> G GL(f!r) and 
is a Lie algebra automorphism of Ker = g. 

Definition 3.2. The linear A-holonomy of the leaf L with base 
point xq is the map 

H}:"' = dHL : ^AiL.x) ^ Aut (g) x GL(F,). 

One can also define the reduced linear A-holonomy homomorphism of a 
leaf L to be the class of i?|;™(7,a) in Out(g) x GIj{Fx) where Out (g) = 
Aut (g)/Inn (g). The reduced holonomy is homotopy invariant. For Poisson 
manifolds, linear Poisson holonomy was first introduced by Ginzburg and 
Golubev in 

There is an alternative approach to linear holonomy using a linear A- 
connection which generalizes the Bott connection of ordinary foliation the- 
ory. In this differential operator formulation linear holonomy arises as the 
holonomy of a Lie algebroid connection. 

We consider first the vector bundle Ker over the leaf L where we have 
a Bott A-connection defined as follows: Given an element a G A^, where 
X € L, and a section /3 of Ker#|i, we take (local) sections a,/3 £ r(A) 
such that ctx = a, P\l = /3, and we set: 

V^/3= [a,/3]U. (72) 

Lemma 3.1. associates to each section a of A along L a linear 

operator V ^ ■ r(Ker#|L) ^ r(Kcr#|L). 
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Proof. To check that expression (^2|) is independent of the extensions 
considered, we fix a local basis of sections {7^, ... ,7''} for A in a neigh- 
borhood of X. If we write 

s t 

for some functions ds and bt, we compute 

This expression shows that only depends on the value of a at a; and 
the values of /3 along L, i.e., a and f3. 

Relation ( [T^ also shows that V^/? is in the kernel of # and so is a section 

ofKer#|L. I 

Next we consider the conormal bundle h'*{L) = {lu e TIM : ll)\TL = 0} 
over the leaf L where we also have a Bott A-connection defined as follows: 
Given an element a G Ax, where x £ i, and a section to of v*{L), we take 
a section a G y{A) and a 1-form u) E n^{M) such that ctx — a, — uj, 
and we set: 

V^w = £#a<I'U. (73) 
A proof similar to the lemma above shows that: 

Lemma 3.2. associates to each section a of A along L a linear 

operator ■ r(i^*(£)) ^ r{iy*{L)). 



It is also easy to check that and satisfy the analogue of properties 
(i) to (iv) of Proposition 2.7. Note however that, in general, and 
do not give genuine Lie algebroid connections since they are only defined 
for sections of A along L. 

It is convenient to consider the connections and all together, 
rather than leaf by leaf, so we set: 

Definition 3.3. A linear connection V on A is called a BASIC con- 
nection if 

(i) V is compatible with the Lie algebroid structure, i.e., there exists a 
linear A-connection V on TM such that 



V# = #V. 
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(ii) V restricts to on each leaf L, i.e., if a, /? G T{A) with = 
then 

(iii) V restricts to on each leaf L, i.e., if a e r(^) and oj G 
with uj\tl = then 



The holonomy along a leaf L of a basic connection V coincides with 
the linear holonomy of L introduced above: the holonomy of the basic 
connection V determines endomorphisms of the fiber which map ker 
isomorphically into itself, and these are the linear holonomy maps. 

Proposition 3.3. Every Lie algebroid has a basic connection. 



Proof. In fact, let us see that the compatible connection V constructed 
in the proof of Proposition 2.9 is a basic connection. We use the same 
notation as in that proof, so if L is a leaf of M and #/3|l = 0, we write 
P = ^fbta^ and we have 



Therefore, for any 1-form a — a^a'^ , we get 

s 

S 

since = 0. It follows that for any 1-form a we have 
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Similarly, for the connection V, we have 



dx3 

3 



SO if w|tl = we find Va i^\L — C^a^, and it follows that 

a 

Since V# = #V we conclude that V defines a basic connection. | 

In the theory of regular foliations basic connections arise as connections 
in the normal bundle of the foliation (or equivalently in the conormal bun- 
dle). In the case of a Lie algebroid, as was first argued in the "formal 
difference" E — Aq T*M plays the role of the (co)normal bundle. Now, 
a basic connection V in ^ gives an A-connection V in the bundle E (see 
Section 

Va{f3 + uj) = Vc^P + Vat^, a, /? G r(A), oj e n^{M). 

We shall see later that this connection plays a key role in defining secondary 
characteristic classes for Lie algebroids. 

The following result shows that the curvature i? of V vanishes along a 
leaf. 

Proposition 3.4. Let V be a basic connection and L a leaf oj A. Denote 
by R and R the curvature of the connections V and V. If j is a section of 
A such that fl="f\L = 0, then 

i?(a,/5)7|L -0. 

Similarly, if uj G fl^{M) is a differential form such that uj\tl = then 

i?(a,/3V|L -0. 



Proof. If V is any basic connection and #7|l — 0, we have Vq7|l = 
[q;,7]|l, so expression ( ^^ for the curvature tensor, gives 

i?(a,/3)7|L = [a, [PnW\L - [A[a,7]]|L - [[«,/?], 7] k- 
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But the right hand side is zero, because of the Jacobi identity. 

Similarly, iiuj E fi^(M) is a differential form such that uj\tl = 0, we have 
VqC^Il — C^oJIl- Hence, using #[a,/?] — [^a,^(i] and the well known 
formula for the Lie derivative of the Lie bracket of vector fields, we find 



SO the second relation also holds. | 

Remark. Although the curvature of a basic connection vanishes along 
ker#, the holonomy along # need not be discrete (this is because of the 



presence of an extra term in the Holonomy Theorem 2.1). Hence, in general 



linear holonomy is not discrete and also not homotopy invariant (cf. Ex- 



ample 3.3). However, if one can find a basic J- -connection then one gets 
discrete holonomy. Such is the case whenever # is injective, so the orbit 
foliation is regular, and (linear) holonomy coincides with standard (linear) 
holonomy of a regular foliation. 



4. CHARACTERISTIC CLASSES 
4.1. Chern-Weil Homomorphism 

The usual Chern-Weil theory for characteristic classes extends to A- 
connections. For contravariant connections this was already discussed in 
[ pO| , For general Lie algebroids the theory is similar and only a short 
account will be given as we shall need it later in the section when we discuss 
secondary characteristic classes. 

We consider a principal G-bundle p : P — > M furnished with an A- 
connection. Given any symmetric, Ad (G)-invariant, fc-multilinear function 

P : g X • • • X ^ M 

we can define a 2A;-section A(P) of A as follows. If Uj is a trivializing 
neighborhood, and ai, . . . , a2k are sections of A over Uj then we set 



A(P)(ai, . . .,a2k) = 

5Z (^1)'^-P(^j(«<t(i)'«<t(2)), • • ■ ,^^j(aa(2fc-l),aa(2fe))), (74) 
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where {ilj} are local curvature 2-sections. By the transformation rule for 
the local curvature 2-sections, this formula actually defines a 2fc-section 
A(P) e T{a'^''A*) on the whole of M. 

Proposition 4.1. For any symmetric, invariant, k -multilinear function 
P , the 2k-section A(P) is closed: 

dAKP) = 0. (75) 



Proof. We compute 

dAMP) = kP{dA^j,...,VLj) 

= kP(dA^3 + • • • , f^j) = 0, 

where we have used first the linearity and symmetry of P, then the Ad (G)- 
invariance of P, and last the Bianchi identity. | 

Therefore, to an invariant, symmetric, fc-multilinear function P G I^(G) 
we can associate an ^-cohomology class [A(P)] G and in fact we 

have: 

Proposition 4.2. The cohomology class [A(P)] is independent of the 
A-connection used to define it. 



Proof. Suppose we have two A-connections in P{M, G) with connection 
1-sections and uj^, and denote by A'^(P) and A^(P) the 2/c-scctions they 
define through ([74[). We construct a 1-parameter family of connections 
with connection 1-section = tw^ + (1 — t)uj°, t G [0, 1], and we denote by 
r2* its curvature 2-section. 

By the transformation rule ( p3| ) for the local connection 1-sections, the 
difference wj'^ = wj — w° is a g-valued 1-section, and we get a well defined 
{2k - l)-section X^^°{P) by setting 

Ai-°(P)(ai,...,a2fe-i) = 

P(wj'°(Q!^(i) ), 17* (a^(2) , a^(3)): ■ • ■ I ^ (a<T(2fc-2) , Oi^{2k-i)))dt. 
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where Ca = 1)°^, and the sum is over aU permutations in S2k-i- We 
claim that 

dAX''%P) ^ \\P) ^ X°iP), (77) 

so [Ai(P)] = [A"(P)]. 

To prove (fn\), we note that if we differentiate the structure equation (^ ) 
we obtain 

Hence, using Bianchi's identity, we have 

kdA [ p{iuf°,n'j,...,n])dt = 

Jo 

= k [ p{dAu;]'",n],...,n]) 

Jo 

+ p^'°, dAn], . . . , ^) + ^, . . . , dAi^])dt 

- P^^", [c.*, 1]*], . . . , ^) - P(c.j'°, ^, . . . , [c.*, l)*])di 

= ^ j^m],^], ■ • ■ ' ^)^^ = ^("'' ■ • ■ , f^') - • ■ • , f^°), 

so the claim follows. | 
If we set 

I'{G) = @I\G), 

k>0 

the assignment P i— > [A(P)] gives a map I*{G) H*{A), which is in fact a 
ring homomorphism, and which we call the A-Chern-Weil homomorphism 
of the Lie algebroid. The fact that this map is a ring homomorphism 
follows, for example, from the following proposition: 
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Proposition 4.3. The following diagram commutes 



I'{G) HkaJM) 




#* 



H'{A) 



where on the top row we have the usual Chern-Weil homomorphism. 



Proof. Choose an A-connection in P which is induced by some covariant 
connection. Given P e l'^{G), this covariant connection gives a closed {2k)- 
form A(P) defined by a formula analogous to ([74[), and which induces the 
usual Chern-Wcil homomorphism I'{G) — > H'^ Rham(^)- We check easily 
that 



#*A(P) = A(P), 



so the proposition follows. | 

Recall that the ring of invariant polynomials I* {GLq{M.)) is generated 
by elements Pk € l''{GLq{R)) such that Pk{X,...,X) = crfe(X), where 
{(Ti, . . . , CTg} are the elementary symmetric functions defined by: 

det(/i/ - ^X) ^fi'' + + ■ • ■ + aq{X). 

Zn 

Now consider a real vector bundle pe '■ E ^ M, with rankE' = q, and 
let p : P ^ M be the associated principal bundle with structure group 
GLq{M.). Choosing a Lie algebroid connection on P one defines the kth 
A-Pontrjagin class of E as 

PkiE,A) = [XiP2k)]eH'"'iA). 

As usual, one does not need to consider the classes for odd k since we have 



[A(P2fc-i)] - 0, 

as can be seen by choosing a connection compatible with a rieniannian 
metric. It is clear from Proposition 4.3 that 



Pk{E,A) = #*Pk{E). 



52 



R. L. FERNANDES 



where pk{E) are the usual Pontrjagin classes of E. 

To compute these invariants one uses the A-derivative operator V on E, 
associated with the A-connection, and proceeds as follows. For 1-sections 
a, P G T{A), the curvature tensor R defines a linear map Ra^f3 — R{a, (3) : 
Ex —>■ Ex which satisfies Ra,p — —Rp.a, and so (a,/?) —^ Ra.p can be 
considered as a 0l(i?)-valued 2-section. By fixing a basis of local sections for 
E, we have E^ — K'' so we have Ra,p S ^[^(M). (this matrix representation 
of Ra.p is defined only up to a change of basis in W^). Hence, if 

F:0[,(R) X ••• Xfl[^(K) 

is a symmetric, fc-multilinear function, Ad (G'iq(M))-invariant, we a have a 
2A;-section \{R){P) defined by 

(79) 

It is easy to see that \{P) — X{R){P), so this gives a procedure to compute 
the A-Chern-Weil homomorphism and the yl-Pontrjagin classes. 

Similar considerations apply to other characteristic classes. One can 
define, e.g., the ^-Chern classes Ck{E,A) of a complex vector bundle E 
and they are just the images by #* of the usual Chern classes of E. 

The fact that all these classes arise as image by of well known classes 
is perhaps a bit disappointing. However, we shall see below that one can 
define secondary characteristic classes which are true invariants of the Lie 
algebroid, in the sense that they do not arise as images by #* of some de 
Rham cohomology classes. On the other hand, the tangential Chern- Weil 
theory is usefuU on its own, and have interesting applications already in 
the case of regular foliations (see e.g. ||2^). 

4.2. Secondary Characteristic Classes 

Whenever a form representing a (primary) characteristic class vanishes 
one can introduce new (secondary) characteristic classes, a remark that 
goes back to the original paper of Chern and Simons ((|]). This remark 
was the starting point for the theory of "exotic" characteristic classes for 
foliations (see [||). 

On a Lie algebroid a similar construction of "exotic" characteristic classes 
can be done. This construction generalizes the construction given in 
for the case of a Poisson manifold, where it is was shown that Poisson 
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secondary characteristic classes give information on the topology, as well 
as, the geometry of the symplectic foliation. 

In the theory of (regular) foliations, the secondary characteristic classes 
appear when we compare two connections on the normal bundle each from 
a distinguished class. In the case of a Lie algebroid the "formal difference" 
E — A Q T*M plays the role of the (co)normal bundle, and again we 
compare two connections, each from a distinguished class. So on a Lie 
algebroid tt : A — > M, with rank A — r and dimilf = m, we consider the 
following data: 

(i) A basic connection with associated A-derivative operator V, so on 



we have an induced connection (see section 'iA) = V © V 



(ii) A metric connection V*^ on i.e., we have a covariant connection 
V" on E, which preserves some metric g on E, and we take = V^^^; 

Given an invariant, symmetric, fc-multilinear function P G I^{GL{r + 
m,R)) we consider the (2fc - l)-section \^'^{P) G T{h^^-'^A*) given by 

Proposition 4.4. If k is odd, A^'°(P) is a dA-closed {2k — l)-section. 
Proof. According to ( |77| ) we have 

dA\^'\P) = X\P) - \\P). 

and we claim that A"'^ (P) = A° (P) = if fc is odd (these are the vanishing 
primary classes that we mentioned to above). 

The proof that A°(P) = is standard: we can choose an orthonormal 
basis of sections for E so that the curvature 2-sections take there values 
in so(r + m,]R). But if X G 5o(r + m,R), we have Pk{X) ~ for any 
elementary symmetric function, since k is odd. Hence we obtain A*'(P) — 0. 

Consider now the connection V^. Given x G A/ we choose local coor- 
dinates {x^ ,y^) around x and a basis of sections {a^, . . . ,0i^} as in the 
Local Splitting Theorem. Then { dx* , dy^ , a" } form a basis for E, and for 
the canonical skew-symmetric bilinear form ( , ) given by ( |69| ) the only 
non- vanishing pairs are: 



{a\dx') = 1 = -{dx\a'), {a',dy') = ¥^ = -{dy^a"). 
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where b^^ = b''^ (y). Since is induced by a basic connection, it is compat- 



ible with the Lie algebroid structure so from proposition |2.10| we conclude: 



(V^a^a') = -(a^V^a'), 
{V\a\ dx^) = -{a\ V^dx'), (1 < ^, ^ < <?) 
{S/l^dx\dx') = -{dx\Vl^dx'). 

On the other hand, from Proposition we find 

R\a,l3)dy^\, = R\a,l3)a'\, = 0, (j, s > q). 

It follows that i?^(a,/3)2; is represented in the basis (da;* , a* , dy^ , a* ) by a 
matrix of the form: 



B 
C 



(80) 



with i? a (2g x 2(j) symplectic matrix. Now, if A is any matrix of this form, 
it is clear that det(/i/ — A) — det(/i/ — A), where A is the same as A with 
C — i.e., A is symplectic. But if A is symplectic, we have Pk{A) = 

for any elementary symmetric function, since k is odd. Hence X'^{P) 0. | 

Next we want to check that the cohomology class of \^'°{P) is indepen- 
dent of the connections used to define it. 

Given 3 connections with local connection 1-sections a;^,a;j,a;| we con- 
sider a family of connections with local connection 1-sections cj^'* = (1 — 
s — t)u!'j + sojj + tuj, where (s, t) vary in the standard 2-simplex A2. We 
introduce a (2fc — 2)-vector field X^'^'^{P) by a formula analogous to ( fzol ) 
and d?!): 

\'-'^^iP)^k J2 (-1)"/ Piu;]'',Luf',nf\...,nf')dtds, (81) 



and just like in the proof of Proposition 4.2, one shows that 



6\^'^^^{P) = Ai-°(P) - A2^"(P) + \^'\P). (82) 

Proposition 4.5. The cohomology class [\^'^{P)] is independent of the 
connections used to define it. 
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Proof. Let and (resp. V° and V") be basic connections (resp. rie- 
mannian connections). It follows from ([8^) that 



A(V\ V°)(P) - A(V\ V°)(P) = SX{V\V°, V'')(P) + (5A(V\ V\ V'')(P) 

- A(V\Vi)(P) - A(V°,V°)(P). 

Hence, it is enough to show that the cohomology classes of A(V^, V^)(P) 
and A(V°, V°)(P) are trivial. 

Consider first the basic connections V"'^ and V^. The linear combina- 
tion V^'' = (1 — ^)V^ + iV^ is also a basic connection. If a; S M, we 
fix splitting coordinates {x'^,y^) around x and sections {a^, . . . , a' } as in 



the proof of proposition 4.4. Then we see that, with respect to the basis 
{dx*, a% dy^ ,a^}, the matrix representations of V;!^ — and P*(a, f3) are 
of the form (|^). Hence, we conclude that if P e l''{GL{ni,R)), with k 
odd, 

Pi^k - ^ii , i?*(a2, as), • • • , R\a2k-2,a2k-i)) = 0. 

Therefore, A(V^, V^)(P) = 0, whenever and are basic connections. 

Now consider the riemannian connections V*^ and V*^. The linear com- 
bination V°'* = (1 — t) V" + tV" is also a riemannian connection. All these 

connections are induced from covariant riemannian connections V'^, V and 
V*^'*, and we can define a differential form A(V'', V )(P) of degree {2k — 1) 
by a formula analogous to ([76|). Moreover, this form is closed (because k is 

odd), and #*A(VO, ^"){P) A(V°, V°)(P). It follows from the homotopy 
invariance of H*^ Rham(-^)' using a suspension argument, as in the usual 
theory of secondary characteristic classes of foliations (see page 29), 
that 

[A(V°,V°)(^')] = [A(V°,V°)(P)]. 

Hence, the cohomology class [A(V , V )(P)] vanishes and so does the class 
[A(VO,V")(P)]. I 

Remark. We have used a riemannian connection of the special form 
= V^^. On the other hand, in general, a Lie algebroid does not admit 
a compatible A-connection of the form V^q.. Hence, the basic connections 
are "genuine" A-connections, i.e., not induced by any covariant connection. 
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Definition 4.1. The secondary characteristic classes {mk{A)} of a 
Lie algebroid are the Lie algebroid cohomology classes 

mfe(A)-[Ai'°(Ffc)]ei/2fc-i(^)^ (fc = l,3,...). (83) 
where Pk are the elementary symmetric polynomials. 

Note that, by the remark above, these secondary characteristic classes 
are "genuine" Lie algebroid cohomology classes, i.e., they do not lie in 
the image of #* : ^^'o Rham(-^^) ^ ^'i^) (see also the examples below 
where one can have trivial de Rham cohomology and non-zero secondary 
characteristic classes). 



Remark. In general, one can only define the characteristic classes rrifc 
for k odd. Assume, however, that A admits flat riemannian connections 
and flat basic connections. Then the proofs of Propositions 4.4 and 4.5 can 
be carried through, in the class of flat connections, for any k. Hence, in 
this case, one can define characteristic classes for any k. 



4.3. The Modular Class 

The modular class of a Lie algebroid was introduced in [^if , and further 
discussed inM. Extensions to more general algebraic settings were given 
in (H, lif 

Let us start by recalling the construction given in Q . Consider the line 
bundle Qa = A'"A ® A'^T*M. It is easy to check that on this hue bundle 
we have a flat A-connection V defined by: 

r 

Va{a^ A • • • A a'' (g) At) = ^ A ■ • • A [a, a^'] A • • ■ A (g) + 

A • ■ • A a'^ (g) C^ati-, (84) 

whenever a, a\ . . . , a'' G r(^) and n e r(A™T*Af). 

Now assume first that Qa is trivial. Then we have a global section 
s e T{Qa) so that 

V„s = 9sia)s, Va £ T{A). 

Since V is flat, we see that ds defines a section of r{A*) which is closed: 
dA^s = 0. If s' is another global section in T{Qa), we have s' = as for 
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some nonvanishing smooth function a on M , and we find 

9s' = 0s + dAlog|a|. 

Therefore, we have a weh defined cohomology class 

mod (A) = [ds] e H\A) 

which is independent of the section s. If the line bundle Qa is not trivial 
one considers the square L =^ Qa 'Si Qa, which is trivial, and defines 

mod(A) = i[0,], 

for some global section s £ r(_L). 

Definition 4.2. The class mod (A) is called the modular class of 
the Lie algebroid A. 

As was argued in one can think of global sections of Qa (or Qa ® Qa) 
as "transverse measures" to A. The modular class is trivial iff there exists a 
transverse measure which is invariant under the flows of = {Xf^ , 
for every section a € ^{A). Hence, the modular class is an obstruction 
lying in the first Lie algebroid cohomology group H^{A) to the existence 
of a transverse invariant measure to A. 

Theorem 4.1. For any Lie algebroid A 

mi(A) = -!-mod(A). (85) 
zvr 



Proof. Choose a basic connection and a riemannian connection V*^ 
relative to some metric on E — A Q T*M. We consider the transverse 
measure s to A associated with this metric. We claim that 

X'^%tT) = 0s, (86) 

so ( p5| ) follows. 

Observe that it is enough to show that (|8^) holds on the regular points 
of M, since the set of regular points is an open dense set and both sides 
are smooth sections in T{A*). So assume that x G M is a regular point 
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where rank — q, and pick coordinates (a;*) around x and a basis of sections 
{a^, . . . , a''} as in the Local Sphtting Theorem. Then s is given locally by: 

s = (det g)^a^ A • ■ • A a'' da;^ A • ■ • A dx", 
where g — is the matrix of inner products formed by elements in 

As in the proofs of the previous section, one computes the trace of the 
operator relative to the basis {a^,dx^} to be 



•"■><! j>q 

Also, since V° is a metric connection, we find: 



=#Q;'*((det A • • • A a'' ® rfx^ A • • • A dx" + 

+ (detg)5(V^„.a^ A • • • Aa'' ® dx^ A • • • Ada;™ + 

H h A • • • A a'' (g) da;^ A • • • A V^^^da;™) 

= (^#a'*((det5)5) + (det g)hr V^„.) A • • • A a'' (g) da;^ A • • • A da;"". 



So we conclude that: 

tr {Vis - V°.)s = #a'((detg)^)a^ A • • • A a'" ® dx^ A • • • A da: 



M>9 j>9 



On the other hand, a straight forward computation using (84) and the 
various relations in the Local Splitting Theorem at a regular point, shows 
that 

Vass = #a^((det g)^)a^ A • • • A a'^ ® da;^ A • • • A da;™ 

+ (dct g)i [a" , a^] A • • • A q'' ® da;^ A • • • A dx™ 

H h (det g)^a^ A • ■ • A a'' ® da;^ A • • ■ A Ca^dx^ 

= #a''((dct g)^)a^ A • • ■ A a'' (g) da;^ A • ■ • A dx™ + 
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Comparing (|8^) and (|8|) gives 

V„s = tr(Vi - V°)s, 

so relation holds and the theorem follows. | 

Remark. In a recent preprint M. Crainic proposes a different ap- 
proach to secondary characteristic classes for vector bundles admitting flat 
A-connections. Let E be any vector bundle over M which admits a flatA- 
connection and is trivial as a vector bundle. Then for each symmetric, 
G-invariant, 2k — 1-multilinear function P one can define a 2k — 1-section 
iy{P) e r{A'^''-^A*) by setting 

■ ■ ■ ,'^j{(^a{2k-l))), (89) 

o-eS'2A; 

where ai, . . . , a2k are global sections of A. Here Uj denotes a connection 
local 1-section which, since we are assuming that E is trivial, is actually 
globally defined. One can check that //(P) is closed so actually defines a 
cohomology class in H^''~^{A). 

If E is not trivial as vector bundle, one needs a kind of Cech cohomology 
argument given in |^ to define these classes. These classes generalize the 
classes 9s constructed above for a line bundle admitting a flat ^-connection. 

The "normal bundle" E = A Q T* M in general admits no flat A- 
connection (this is clear already in the Poisson case, where A — T*M) 
and hence it is not obvious if one can use this approach to define the sec- 
ondary classes mk{A). Perhaps, as stated in |Q, it is possible to extend this 
approach to so called representations up to homotopy (in our notation, flat 
connections up to homotopy) so one can use the "adjoint representation" 
of A (see for details). 

4.4. Examples 

We now consider some of the classes of Lie algebroids that we have 
mentioned in section 1 and compute their secondary characteristic classes. 

Regular Foliations. Let J- he a regular foliation, and denote by A = 
TT C TM the associated integrable subbundle. Observe that a section 
a e r(A) is just a vector field on M tangent to so A is a Lie algebroid 
with anchor the inclusion A C TM and [ , ] the usual Lie bracket of vector 
fields. 



60 



R. L. FERNANDES 



First choose some riemannian connection in M determining a splitting 

T*{M) = A* ®v*{T), 

where v*{!F)) is the conormal bundle to the foliation. We have an A- 
riemannian connection V*^ such that: 

where [3 and 7, are sections of A* = T*{T) and v*{T)^ and V*^'" and 
V"'^, are covariant riemannian connections in these bundles. We choose 
on E = AqT*M the A-riemannian connection V° = V^[[ ® V° . Note 
that we are using the same notation for a connection on a vector bundle 
and on its dual, but in fact, taking V° on E is essentially equivalent to 
take V°'ll on v*{F). 

Now we take as a basic connection (in the sense of definition |3.3D a 
connection on £; ~ A®A*®v*{T) of the form = V^^H © V^^H © V^^^ 
where V^'" is a connection in A and V^'^ is just a basic connection in v* (JF) 
in the usual sense of foliation theory (see p. 33). A straightforward 
computation shows that 

A(V\ V°)(F)(ai, . . . , a2fc-i) = A(Vi'^, V"'^)(P)((#ai, . . . , #02^-1). 

Recall that in foliation theory (see p. 66) the forms 

Cfc = A(Vi'^)(Ffc), (l<fc<<z) 
h2k~i = A(Vi^^, V°^^)(P2fc-i), (1 < 2fc - 1 < q), 

satisfy 

dck = 0, (1 < fc < corank(J?^)) (90) 
dh2k~i = C2fe_i, (1 < 2fc - 1 < corank(J^)). (91) 

and so they can be used to define a homomorphism of graded algebras 

H*{WOq) ^ H*{M), 

where H*{WOq) is the relative Gelfand-Fuks cohomology of formal vector 
fields in W . This homomorphism is independent of the connections and its 
image are the exotic or secondary characteristic classes of foliation theory. 

Observe that the (2fc-l)-forms /i2/c-i = A(Vi'^, V°'-^)(Pfc) are not closed 
in general, but are closed along the leaves, so its image under ^ is a closed 
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{2k — l)-section of T*!F* . Hence, #ft.2fc-i defines a tangential coliomology 
class, and one has 

m2k-i{TT) = [#h2k-i] (92) 

but, in general, m2k-i is not in the image of #* : H^^ Rham(^^) ~^ ^'(^)- 
A simple consequence of this relationship is that, for a regular foliation, 
the characteristic classes mk{T!F) vanish for 2fc — 1 > corank(jF). 

We point out that these classes were known to people working in foliation 
theory (see e.g. Q). 

Poisson Manifolds. Let (M, 11) be a Poisson manifold, so A = T*M. A 
basic connection on A is a basic contravariant connection V in the sense 
of 0]. and we can take for on £; = T*M e T*M the connection 
= V ® V. Also, we let V be some riemannian connection on T*M and 
set V" = V © V. It is clear that 

A(V\V")(P) = 2A(V,V)(P), 

and it follows that the characteristic classes we have defined for A = T*M 
are equal to twice the characteristic classes we have defined in for the 
case of a Poisson manifold: 

TOfc(T*A/) = 2mfc(A/). 

A special case where computations can be made explicitly is when M = 
Q* with the Lie-Poisson structure. We have shown in that these classes 
are represented by Lie algebra cocycles given by the general formula: 

mk{g*){vi, . . . ,V2k-i) = 

— ^ X! Kk{v„(^i^,[v„(^2),Va(3)],---A'"a(2k-2),Va{2k-l)]) (93) 

where: 

Kj {vi, . . . ,Vj) = tr (ad vi ■ ■ ■ advj). 

Transformation Lie algebroids. Consider an infinitesimal action p : q ^ 
X^{M) of a Lie algebra g on a manifold M, so A — M x q. Sections of A 
can be identified with g-valued functions on A/, so if w G g we identify it 
with a constant section. 
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There is a canonical choice of basic A-connection on A, namely the unique 
A-connection which for constant sections satisfies: 

VyW — [v, w]. 

This connection is compatible with the Lie algebroid since #Vi,k7 = Vy^ffw 
where V is the ^-connection on TM which for any constant section v E g 
and vector field X E X^{M) satisfies 

Hence we take the connection o\\ E — AqT*M given by 

Vl{w +Uj) = [V, W] - Cp(v)UJ. 

Now pick some riemannian metric on M and consider the flat metric on 
g. This gives a riemannian connection on E and we can then compute 
the secondary characteristic classes. Formula (|7^) shows that the classes 
A^^"(P), in general, will depend on the curvature i?* of tV^ + (1 — i)V° 
in some intricate way. However, for the first characteristic class where 
P = 5^tr , there is no dependence on the curvature, and we find explicitly: 

mi{A){x) — — tr ad a; — div (/9(a;)) 
zvr 

(again, we view x E Q has a constant section of A), where div is the 
divergence operator on vector fields defined by the metric on AI. 

Assume further that M = is a vector space and p is a linear action 
(a Lie algebra representation). In this case we can also choose on a flat 
metric and it is possible to compute all characteristic classes. Let p denote 
the direct sum of representations ad ©p* on g x V*, where p* : q ^ sK^*) 
is the dual representation to p : q ^ sK^)- Then the general formula for 
the characteristic classes is: 

mk{A){xi, . . . ,X2k-i) = 

Ck ^ ^'fc(p(w<T(l)),P(K(2),Wa(3)]), • • ■ ,P(K(2fc-2),'f<T(2/c-l)])) (94) 

where Pk are the elementary symmetric polynomials and Ck is some nu- 
merical factor. 

For example, if we let 



p = a.d :g->0l(g*) 
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be the coadjoint action of g we see that mk{A) is twice the Lie algebra 
cohomology classes given by (|93|), i.e., they coincide with the characteristic 
classes for A = T*M, where we take M — g* with the Lic-Poisson bracket. 
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